ON AUTOMORPHISMS OF POLYADIC ALGEBRAS

BY
AUBERT DAIGNEAULT(?)

Introduction. This paper belongs to the theory of polyadic algebras as
developed by Halmos [11-15], but it has a bearing on the theory of models.
Two central concepts are those of homogeneous(?) and of normal extensions
of a polyadic algebra (see the beginning of §2 and of §6). These concepts bear
some resemblance to concepts of the theory of algebraic extensions of fields;
however, we have been influenced more immediately by M. Krasner’s general
Galois theory [33-35] which can be given a polyadic interpretation. Aside from
the short preliminary Chapter 0, the paper is divided into sections grouped into
three chapters. Each section begins by an outline of its contents. We proceed
to an analysis of the main results of the paper. All polyadic algebras considered
are locally finite of infinite degree.

The highlights of Chapter 1 are: (i) the possibility of extending any simple
extension of a (simple polyadic) algebra to a simple homogeneous and normal
extension (Corollary 4.6); (ii) a first step on a Galois theory (Theorem 4.5) which,
in the case of a full simple functional algebra with finite domain, takes a def-
inite form (Theorem 4.7) closely related to Krasner’s theory in that case; (iii) the
existence and unicity of a*-universal-homogeneous algebras in the sense of B.
Jonsson [21; 22] in certain classes of polyadic algebras (Theorem 6.3, Theorem
6.6). The results in (iii) make use of Jonsson’s work which is dependent on the con-
tinuum hypothesis (see also Theorem 5.5 which is independent of this hypothesis).

Chapter II departs from the theme of automorphisms and uses little aside
from Chapter 0 and §1. The main result here is Theorem 8.1 which gives a de-
scription of the functional representations of a full simple functional algebra
in terms of a new generalization of the concept of reduced power.

In Chapter III, we propose to show that the algebraic results of the first two
chapters, when put together, embody several known model-theoretic results
or new forms of such results. After a section devoted to the connections be-
tween Model theory and polyadic algebras, we give new proofs of Beth’s theorem
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polyadic algebras; received by the editors April 5, 1963.

(1) Some of the results of this paper were announced in [5] and [6]; a few were already
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[1] in the theory of definition (Theorem 11.1) and a generalization thereof (Theo-
rem 11.2) due to L. Svenonius [42](3). It will be seen that this last theorem is
related to the concept of normal extension. Next, using our generalized ultra-
powers (and without assuming the generalized continuum hypothesis) we obtain
a characterization (Theorem 12.1 and Corollary 12.2) of the notion of elementary
equivalence similar to those given by S. B. Kochen [30-32] and H. J. Keisler
[23-29]. In some respects our characterization is an improvement over the ones
of these authors (see discussion following Corollary 12.2). Here it is the concept
of homogeneous extension which is put to profit. Finally, we give a proof of
a theorem (Theorem 13.1) of Vaught [45].

The concept of locally finite polyadic algebra of infinite degree without equality
is used in its full generality: as far as Model theory is concerned this generality
enables us to handle simultaneously medels of different cardinalities in §12. Also
the theory of operations in polyadic algebras plays an essential role, especially in
Chapter I1. The paper presupposes little beyond an acquaintance with Halmos’ al-
gebraic logic papers which are now conveniently available in book form [16].

CHAPTER 0. PRELIMINARIES

The purpose of this introductory chapter is to set up the notation and ter-
minology to be used throughout and to state some basic known results. All
unexplained notation and terminology is to be found in Halmos [11-15].

Unless otherwise noted, the word ‘‘algebra’’ shall always mean a locally
finite polyadic algebra of infinite degree. The set of variables I is the same in-
finite set for all algebras considered; sometimes it will be convenient to assume
that I is denumerable. An algebra (4,1, S, 3) shall be denoted simply by A.
Our notation for substitutions differs slightly from that of Halmos: we write
S(i/j) where Halmos would write S(j/i) for instance.

Small Greek letters will be used to denote ordinal numbers, mappings of
several kinds (in particular transformations, i.e., elements of I') and types of
relational systems. The letter ‘6’ is reserved to denote any identity mapping,
and the letter “‘w”’ is reserved to denote the set of all positive integers. Cardinal
numbers are identified with initial ordinal numbers. The cardinal next to a
cardinal « is denoted by a* so that the generalized continuum hypothesis is the
statement ‘“‘a«* = 2% for all infinite cardinal number a.’’ The cardinal number
of a set X is denoted by | X|.

The restriction of a function f to a subset X of its domain is denoted by f | X.
The set of all x such that --- is denoted by {x|---}. The set of all functions from
a set K into a set W is denoted by WX; the value of xe WX at keK is
denoted by x,. Except for the case just mentioned the value of a function f at
an element p of its domain is denoted by f(p) or by fp. Let 6: Y— X be any map

(3) The author is indebted to W. Craig who kindly brought this theorem to his attention.
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and H be any set; ¢ induces a map X7 — Y7 still denoted by ¢ and defined by
the equation (ox), = a(x,) for all xe X” and heH.

Let A be an algebra and Y a set of constants of A. For ped, yeY’
and J = I we set by definition

S INp = SWi,liy) Sy, li,)p,

where {i;,--,i,} is the intersection of a finite support of p with J. It is a simple
matter to verify that S(y/J) is a well-defined Boolean endomorphism of 4. If B
is a subalgebra of A we denote by B(Y) the smallest subalgebra of A containing
B and closed under all S(y/J) for ye Y and J < I. An extension of B such as
B(Y) is called an extension by addition of constants. The endomorphism S(y /J)
is also denoted by y(J).

By the center of an algebra A we mean the Boolean algebra B of all closed
elements of A. The ideals of B correspond biuniquely to the polyadic ideals
of A. By the quotient of 4 by an ideal N of B (or by the corresponding filter
N'= {p'] pe N}) we mean the same thing as the quotient of A by the polyadic
ideal N = {pl peA and I(I)pe N} of A. The two-element Boolean algebra
{0,1} is denoted by 0. The algebra generated by a set S of predicates of an al-
gebra A is the smallest subalgebra of A containing the range of all predicates
in S. Tacit use will sometimes be made of a simplified definition of the concept
of rich algebra: an algebra A is rich if for every element p of 4 with a support
containing only one variable i, there is a constant ¢ of 4 such that 3(i)p = S(c/i)p.
The equivalence of this definition with that of Halmos can be proved by a simple
finite induction. Every quotient of a rich algebra is also rich. The value of a
constant c at a set J < I is sometimes denoted by ¢(J) instead of S(c/J).

We say that a B-valued functional algebra A with domain X is regular if for
all pe A, xe X" and J c I there exists ye X ' such that x|(I = J)=y|(I = J)
and [3())p](x) = p(y), this means that the supremum occurring in the defini-
tion of [3(J)p](x) is attained.

Let A be a rich algebra with center B, and denote by X the set of all constants
of A. By the canonical representation of A we mean the monomorphism f of 4
into a B-valued functional algebra with domain X and defined as follows: for
pe A and xe X' we set (fp)(x) = S(x/I)p. The image of a rich algebra under
its canonical representation is regular.

If X is any set and B is a complete Boolean algebra we denote by F(X', B)
the full functional algebra of all functions with finite support from X' to B.
If B =0 this algebra is also denoted by Cy. If A is a simple rich algebra and
X is the set of all its constants, we call C, (or an abstract copy of it) the full
extension of A when A is imbedded into C, by the canonical representation f.
Any algebra isomorphic to an F(X’ B) is said to be full. If B is any Boolean
algebra with McNeille completion B and if A4 is a B-valued algebra with domain
X then A can always be considered as a subalgebra of F(X, B).
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The following fundamental representation theorem is used tacitly throughout
the paper.

THEOREM. Any algebra admits a rich extension and hence a faithful rep-
resentation by a regular functional algebra, and also a 0-valued represen-
tation. If the algebra has an equality E, each of these representations maps E
on a reduced equality.

For any positive integer, an n-ary relation (or predicate) on a set X is any
function X"— 0. A (finitary) type is a function u from any set A to positive
integers. A family of relations {R,|A€ A} on a set X is said to be of type p, if
for all 4, R, is p(A)-ary. A (relational) system of type pis a couple <X, {R;|AeA})
consisting of a nonempty set X and of a family of relations of type u on X. The
system will usually be denoted by (X, R, or more simply by X when no am-
biguity will result from this. The cardinality of the system is | X | and the number
of relations of the type u is | A|. A “‘distinguished constant’ a is assimilated to
the characteristic function of the singleton {a}, and n-ary operations are treated
as (n + 1)-ary relations in the usual fashion.

Systems of the same type are said to be similar. If (X, R;) and (Y,S,) are
similar, X is a subsystem of Yif X Y and for each 4 and all (x,, -+, %) € X*®

Ry(x4, -‘-,xnm) = S;(xy, "'axuu))~

A system X is imbeddable in a system Y if it is isomorphic to a subsystem of Y.

As a rule the word “‘proposition’’ denotes a statement which is later superseded
by another statement. The abbreviation “‘iff’’ is used to mean “‘if and only if.”’
Items such as equations are numbered consecutively, starting afresh in each
section.

CHAPTER I. AUTOMORPHISMS

1. Simple full algebras. Inthissection we study the relations between predicates
and operations defined in a set X and predicates and operations of functional
algebras with domain X. Specializing to the functional algebra Cy we establish
a correspondence between the automorphisms of that algebra and the per-
mutations of X. We conclude with a theorem pertaining to the possibility of
extending automorphisms of Cy to simple full extensions.

Let X be a (nonempty) set, n a positive integer, and B a Boolean algebra. An
n-place B-valued predicate of X is any function R:X"— B. If 4 is a B-valued
functional algebra with domain X we may define, for each n-place predicate P
of A a B-valued n-place predicate

(1) P*(xla""xn) = P(ila"'9in)(x)

where (x,,-:+,x,) is any element of X", and (i,-,i,)€I" and xe X T are such
that x;, = x;,-+,X; = x,. Supposing now that A4 is a full functional algebra
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F(X',B) and that R is any B-valued n-place predicate of X, we may in turn
define an n-place predicate R of 4 by

(2) R(il""9in)(x) = R(xip"'9xi,,)

for all (i,,i,) €I" and x € X'. We shall sometimes write R” instead of R.
With these notations we have for any B-valued predicate R of X, R* = R and
for any predicate P of 4, (P*)” = P.

We remind the reader of the connection there is, in any algebra A with equality
E, between the n-place operations Q and the (n + 1)-place predicates P single-
valued with respect to their last n arguments (i.e., such that for all (i, --,i,) e I"
and iel - {iy,---,i,}, i) P(i,iy,-,i,) = 1). The correspondence is one-to-one
and is such that

(3) P(iail""9in) = E[l,Q(llaaln)]
and

for every (i,iy,--,iel"*", J< I, and k¢ {ij,-,i,} U(L—J) where L is a
support of p(4).

Turning now to operations in functional algebras, we let again 4 be a full
algebra F(X', B). For any n-place operation T of X we define an (n + 1)-place
(0-valued) predicate R by

(5) R(x,xy,-+,x,) = 1 iff x=T(xy,-,x,

for all (x,x,,---,x,)€ X"*1. It is then easy to show that R is single-valued in its
last n variables, the implicit reference to equality being to the functional equality
E, of A. Let T be the n-place operation of 4 corresponding to R. It follows from
(4) in which Q = T and P = R that for all (iy,-,i,)€I,,J I, pe Aand xe X’

(6) S[T(iy, -+, i) [I]p(x) = p(y)
where y € X' is defined by the conditicns y, = x; if i¢J and y, = T(x; s X;)
if i e J. The proof of this is a simple exercise which we omit and which uses es-

sentially the 0-valuedness of R.
Similarly, to any xeX there corresponds a constant x of F(X',B) = 4

determined by the equation
@) [£(D)p](») = p(2)
where pe A, JcI, peA and ye X' and ze X' is defined by the conditions

z|(I -N= y|(I —J) and z; = x for all ieJ. Indeed x can be treated as the
n-place operation T of X (for any n > 0) that is identically equal to x on X".

(4) 1t follows from this that if A4 is an equality subalgebra of an equality algebra A, then
any operation of A extends uniquely to an operation of 4. We shall not, as a rule, distinguish
A between an operation of 4 and its extension to 4.
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Also any constant ¢ of any algebra A4 can be treated as the n-place operation Q

of A which is identically equal to ¢ on I".
It is easy but tedious to verify that if T, T,,---, T, are operations on X and T

is n-ary then
(8) [T(Tl"”>T;l)]A = T(Tl,"'aj:'n)'

The proof is based on (4) and (5).

If now A is any B-valued functional algebra with domain X, we say that an
n-place operation Q* of X represents an n-place operation Q of A if for all
(iy, -, i)el", JcI, pe A and xe X'

(€) S[QGiy, -+, in) [T p(x) = p(y)

where y; = x; if i ¢J and y,= Q*(x;,,---,x; ) if i €J. Thus, for instance, in the
example of the full algebra F(X’, B) above, T represents T. Our next result as-
serts that if A4 is suitably restricted, all its operations are uniquely represented
by operations of X. For this we need a lemma.

LemmA 1.1. If C is an algebra with equality E then E is an equality for
any extension of C by addition of constants C(Y).

Proof. The only thing to show is that E is substitutive, i.e., for all g e C(Y)
and i and jin I, g A E(i,j) < S(i/j)q. Express g in the form S(y/J)p with pe A4,
yeY'and Jn{i,j} = &. As S(y/J) is an endomorphism, it is monotone. The
desired inequality is obtained from the same inequality with p instead of q, by
applying S(y/J). Q.E.D.

THEOREM 1.2. Let A be a regular B-valued functional algebra with domain
X and with a reduced equality E. For any n-place operation Q of A there is
a unique n-place operation Q* of X which represents Q. If P is the (n + 1)-place
predicate of A corresponding to Q then for all (x,x,,-,x,)eX"*1,

(10) P*(x’xla""xn)=l iﬁ‘x =Q*(x1,"”xn)'
If Q,04,:-,Q, are operations of A such that Q is n-ary then
(11) [Q(Ql,"':Qn)]* = Q*(QT’)Q:)

Proof. From the fact that A is regular and E is reduced it is easy to see that
(10) indeed defines an operation Q*. Now letting Q' be any operation on X
representing Q we have, setting p = E(i,j) in (9) with Q' instead of Q* and as-
suming further that all variables of {j,i,i,,---,i,} ‘are distinct, that
E[i,0(i,,-+,i,)](x) = E(i,j)(y), which means that

P*(x;,x;,,,x;,) =1 iff x;=Q'(x;,, -+, x;,
for all x. Therefore Q' = Q* and Q* is the only operation of X that is liable
to represent Q.
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There remains to prove (9) for the Q* defined by (10). It is sufficient to do
that in the case where J = {j}. Assuming (i,--,i,), p and x given we have suc-
cessively

v = Q%xi» 5 xi), P*(yjsxisosx,) =1,
PP, %50, %,) = 1, E[},Q(%,, %)= E(,¥),
3N [p A EG, QR %, 0] = 3D [p A EG,5)]
SO+, %) 11 p(x) = S(F;/i) p(x),
S[QG s, i) [i1p(x) = p(y).

Equation (11) follows from a direct check that if Q* Qf,---,Qx represent
respectively Q,Q,,-+,Q,, then Q*(Q,*,---,Q,*) represents Q(Q;,-,0,). We omit
this verification which is straightforward. Q.E.D.

If the Boolean algebra B of Theorem 1.2 is complete, then it follows that (@*)~
is an extension of Q to the full algebra F(XI,B). As already noted, if T is any
operation on X, T represents 7; hence T* = T. Unless the Boolean algebra B
is finite, or else X is finite, the full algebra F(X!,B) is not regular and Theorem
1.2 does not apply. In general a full algebra has constants which are not repre-
sented in the domain. But if B = 0, for instance, the correspondence T+ T (or
0* & Q) between the operations on X and those of Cy is one-one. In particular
we have the one-one correspondence x> £, between X and the set of all con-
stants of Cy.

If 6:A— A is an homomorphism of polyadic algebras and P is an n-place
predicate of A, the image of P under o is an n-place predicate oP of 4 defined
by the equation

(12) (JP)(ila"'5in) = O[P(il""’in)]'

Unless o is surjective ((15.3) in [13]) it is not possible to define the image of an
operation in general. We next prove a lemma that asserts that in the case of
equality algebras everything works fine. The lemma is easy and its proof is
again based on the correspondence between operations and single-valued pred-
icates.

LemMmA 1.3. Let A and A be equality algebras and 6:A— A be an equality
homomorphism. For any n-ary operation T of A there is a unique operation
oT of A such that for all (iy,--,i,)el",J <1, and pe A

(13) G[S(T(il’”'sin)/‘l)p] = S[(GT)(il,yin)/J]ap
Moreover, if T,T,,---,T, are operations of A with T of degree n

(14 o[T(Ty,--, T)] = (¢T)(6 Ty, -+,0T,).
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Proof. Let E and E be the equalities of A and A respectively. Let R be the
(n + 1)-place predicate of A corresponding to T.Since R is single-valued (with
respect to its last n arguments) and oE = E, oR is also single-valued. Let 6T be
the operation of A corresponding to oR. Equation (13) follows immediately
from (4) applied to the couples (T, R) and (¢T,6R) instead of (Q,P). To show
unicity we let T’ be any n-place operation of A such that (13) is satisfied with
T’ instead of ¢T. Letting p =E[i, T(iy, ,i,)] and J = {i} with i ¢ {i},--,i,}
in this equation and in (13) we get 1=E [T(iy, -+, ip), T(iy, -+, iy)]
= E[T'(iy,,in),06T(iy, +,i,)], and hence T' =oT.

As to equation (14), consider, say, the case where T and T, are binary and T}
unary and set T, = T(T;, T,). Then (14) follows easily from the way oT has
been defined above and the equation

E[i, To(iy, i2,i3)] = 3G7) 302) [EG 1, Ta(i) A Ejz, Ta(i,13)) A EG, T(1,/2))]

together with its analogue with the ¢T’s instead of the T’s and E instead of E.
Q.E.D.

We shall sometimes distinguish between ¢ and the mapping of operations &
that it induces; thus we shall write 6T instead of ¢T. If, for instance, ¢ is an
isomorphism, we have, for every constant ¢ of 4, element g of 4 and set J c I,
(Ge)(J)g=o0c(J)o™'q. If Yis a set of constants of A, ce Y' and again J I,
then we still have (G¢)(J) = ac(J)o~ !. The verification of this is immediate.

When ¢ is an automorphism of an algebra A we may think of ¢ as a permuta-
tion of the set K of all constants ¢ of A. Then it follows easily from the equation
(G¢)(J) = oc(J)o~* that the mapping 6 — & is an homomorphism of the group
of all automorphisms of A4 into the group of all permutations of K. Thus, in
particular, -1 = (6)-1.

Now we consider the special case of the automorphisms ¢ of Cy. First, some
notation. For any subset Y of X we let ¥ = {')‘)]ye Y}. If ye YT then je ¥7
has the obvious meaning. With this notation we have, for instance, £(I)p = p(x)
for all pe Cy and x € XI. We denote by G the permutation of X corresponding
to the permutation & of X; this means that, for xe X, &x is the element (G£)*
of X corresponding to the constant 6% of Cy.

THEOREM 1.4. The mapping ¢ — & is an isomorphism of the group of all
automorphisms of Cy onto the group of all permutations of X.

Proof. For all e X"and ge Cy we have
(15) (6%)(Dg = o%(I)a™'q.

Since £(I)o™'q is a closed element of Cy, it is 0 or 1 and therefore invariant
under ¢. Hence (15) is equivalent to

(16) q(6x) = (' 9 (x)
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which, in turn, is seen to be equivalent to

17 (op)(x) = p(&~"x)

by setting ¢ = op. From (17) it follows that ¢ is determined by . Therefore the
homomorphism ¢ — ¢ is an isomorphism.
Also it is easy to check that if ¢ is any permutation of X and ¢ is defined by
(17), then ¢ is an automorphism of Cy. Q.E.D.
We conclude with a theorem which will be used repeatedly in the sequel and
which presents an interest of its own.

THEOREM 1.5. An automorphism o of a simple full algebra A extends
uniquely to any simple full extension B of A with the same equality.

Proof. The theorem is equivalent to the following statement. Let A = Cy,
B=Cy, p:A— B be an equality monomorphism and ¢ be an automorphism
of A. Then there exists an automorphism ¢, of B such that the following diagram

4 L5 B
al lal
p
A4 L5 B

is commutative. Denote by E and E the equalities of A and B respectively.

Let 6 be the permutation of X determined by ¢; ¢ induces a (unary) operation
6 of A. Set 8, = pé; this is an operation of B to which corresponds a permutation
&, = (pé)* of Y. Finally, &, induces the required automorphism o, of B.

Now the details. If ge 4 and {i,,---,i,} supports g we set by definition

(18) S(&)q = S[8(i,)/iy]--- S[8(n) /ia] q;
from (6) it follows that for all ge A and x e X',

(19) [S(@)q](x) = 4(6%)

and hence from (16),

(20) S()q =07 g.

We have, since ¢ is a permutation (Vj) 3!(i) E[j,6(i)] = 1 (for j # i) and hence,
since p is equality preserving, (Vj)3!(i) E[j,6,(i)] = 1. Therefore &, is a per-
mutation of Y.

To check that o,p = po we let g€ A and y e YI. We have indeed

(e1pD)(») = (p)(67'y) [by (17)]
[SGrHpql(y) [by (19)]
[0S~ q](y) [since 8, = pé]
(pog)(y) [by (20)].

I
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To prove the unicity part of the theorem we let o, be any automorphism of B
such that ¢,p = po. From the last sequence of equations we see, working from
both ends, that S(6; ')p = pS(6~") which means that p6~' = 47" or &, = pé.

Q.E.D.

No such theorem is available for nonsimple full algebras and this is the reason

for which some theorems below are restricted to simple algebras.

2. Homogeneous extensions. By an homogeneous extension of an algebra A we
mean an extension B such that any monomorphism of any subalgebra of A4 into
B extends (in at least one way) to an automorphism of B. The (second) main
result (Theorem 2.11) of this section is the statement that any simple algebra
admits a simple rich homogeneous extension. The question of the ‘‘unicity”’
of this extension as well as considerations special to equality algebras and also
cardinality considerations are kept for later sections. The first main result (Theo-
rem 2.7) of the present section can be formulated (somewhat vaguely) thus:
any two extensions of an algebra can be imbedded into a single extension. This
is a crucial step in the application of Jonsson’s work to polyadic algebras.

e begin by describing some special concepts and notations. By a pair we
shall mean an ordered couple (D,X) where D is an algebra and each element
of X acts as a constant of D. For instance, X could be a set of constants of an
extension of D under which D is closed (and we could in fact assume that, in the
definition). The point of novelty here is that it is possible for two distinct elements
of X to induce the same constant of D. The value of the constant corresponding
to xe X at a set J < I will be denoted by S(x/J), or x(J), as if x itself were the
constant and for x € X, S(x/J) is defined as in the case of constants. If A is
a subalgebra of D and Y< X, A(Y) will denote the subalgebra of D generated
by A and the constants of D induced by the elements of Y. The pair (A(Y),Y)
is also denoted by A[Y]; thus the algebra of a pair such as A[Y] is not 4 but
A(Y). By a subpair of a pair (D,X) we mean a pair (D, X,) such that D, is a
subalgebra of D and X, c X. Equivalently we say that (D, X) is an extension
of (D{,X,).

An homomorphism of a pair (D,,X,) into a pair (D,,X,) is a couple (c,5)
where ¢ is an homomorphism of D, into D, and & is a mapping from X, into
X, such that

0 o[S(x/7)p] = S(5x/T)op

for all pe D,, x€ X} and J c I. The homomorphism (o, ) is a monomorphism
if both ¢ and & are injective. The homomorphism (0,5) is an isomorphism if
both ¢ and & are bijective.

If (D, X) is a pair and N is an ideal of D then by the natural homomorphism
with kernel N we mean the homomorphism (o, ) of (D, X) into the pair (D /N, X)
defined as follows. First ¢ is the natural homomorphism of D onto D/N; § is
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the identity map of X onto itself; and any x € X acts on D/N as the constant
arising from the constant of D that x induces (see Lemma 15.3 of [13]). Then
(1) is satisfied.

The union of an increasing family of pairs has an obvious meaning: if, for
instance {C[Y;]|i=1,2,--} is increasing and Y=|J{2, Y, the union pair may
be denoted by C[Y].

A pair (D, X) is rich if each element of D has a witness made up of constants
induced by elements of X. Any pair (D, X,) extends to a rich pair (D, X). This
follows essentially from the fact that any algebra D; can be extended to a
rich algebra D such that every constant of D; can be extended to a constant
of D (see Lemma 15.3 in [13]). If (Dy,X,) is simple, (D,X) may be assumed
simple.

If (D,X) is a rich pair, we have a corresponding representation f:D— Cy
defined by the equation (fp)(x) = S(x/I)p where peD and x € X'. Thus if D
is a rich algebra the set of all constants of which is X, the representation of D
corresponding to (D, X) is the same as the canonical representation of D.

In what follows it will be convenient to give preference to the ‘‘bracket’’ nota-
tion over the ‘‘ordered couple’’ notation to denote pairs. Any pair (D,X) can
also be denoted by D[X].

LemMmA 2.1. Let A[Z] be a subpair of a pair C[X] and let(0,6): A[Z] - C[X]
be a monomorphism. Then C[X] admits an extension C[Y] such that (o,5)
extends to a monomorphism (p,p): A[X]— C[Y]. Of course, if C(X) is simple,
C(Y) may also be assumed to be simple and, in any case, C[Y] can be assumed
to be rich.

Proof. Let t:(X —Z)—> K be a biunique mapping, K being some new set.
From the (I U K)-dilation of C(X), fixing the variables of K we form the pair
C[X U K] extension of C[X]. Every element of A(X) has the form S(x/J)p
with pe A(Z), J = I and xe(X —Z)". Let N be the ideal of C(X U K) gener-

ated by
{S(tx[Dop|xe(X — Z)!, pe A(Z) and S(x/I)p =0}.

Assuming for the moment that N is proper, we let (8,5):C[X UK] - C[Y]
be an homomorphism with kernel N and such that f is biunique. Now we define
(p,p): A[X]~ C[Y] by the equations p|Z = B3, p|(X — Z) = Bt and

p[S(x[Np] = S(px[J)Bop

where pe A(Z) and x (X —Z)". It is easy but tedious to check that p is well
defined and that (p,p) is a monomorphism. We, of course, have p|A(Z)= Bo.
We obtain the following commutative diagram in which the unnamed mappings

are identity mappings:
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(0,0)
A[Z] ————— (C[X]
\\
l C[X UK].
A[X] ———> (C[Y] B,B)

(p,P)

Since B was supposed biunique, the diagram will express the desired conclusion
provided we can show that N N C(X) = {0}. We proceed to do that, noting that
this will show at the same time that N is proper. The set of generating elements
of N is easily seen to be closed under union and so an element q of C(X UK)
isin N iff g is < an element of the generating set. Let g be a closed element of
C(X) and suppose that g < S(¢x /I)op with pe A(Z), x (X — Z)! and S(x/I)p= 0.
Then

4= ¥(Dogq = o[ Y(D)p] < o[S(x/Dp] = 0. QE.D.

The proof of the next lemma makes use of an idea which has been used re-
peatedly in the literature; see for instance [32; 38; 42].

LemMmA 2.2, Let A,[X,] and A,[X,] be subpairs of a pair C[X] and
(6,6): A;[X,]- A,[X,] be an isomorphism. Then there exists a rich extension
pair C[Y] of C[X] and an isomorphism (p,p): A,[Y] — A,[Y] which extends
(0,6). Moreover, if C(X) is simple, C(Y) may be chosen simple.

Proof. We apply the preceding lemma o times to obtain an infinite sequence
of monomorphisms of pairs:

(0,0): A,[X ]~ C[X,]; (01_1,51_1)3 A4,[Yo] - C[Y,];
(02,62): 4;[Y,]-C[Y,]; (Gs_lﬁ;l): A,[Y,]- C[Y3];
(04,64): Ai[Y3] - C[Y,]; (0;1,55_1)3 A,[Y,] - C[Ys];

andso on. Thesequence is obtained thus. First, C[ Y,]isanyrichextension of C[X].
Then weapply Lemma 2.1 to the monomorphism (6™ !,67):4,[X,]-C[Y]
to get (07',57"). Then we apply Lemma 2.1 to (0,,6,):4,[6, 'Y,] »C[Y,]
to get (0,,6,). And so on.

The C[Y;] form an increasing chain of pairs and we let C[Y] be the union
pair. The mapping (p,p) will also be the union of the (o;,5;). More precisely, if
ge Ay(Y)is in A,(Y) and ye Yis in Y; we set by definition, p(q) = 0;,,(q) and
p(y) = 6,4+ 1(y). Since, for all i, (6,41, 6;+,) extends (o;, 7;), (p,p) is well defined;
and since each (o}, 5;) is a monomorphism, so is (p,p). The mapping p is sur-
jective, for an element of A,[Y] is in A,[Y;] for some i, and is therefore in the
range of o;,, since it is in the domain of definition of o;,}. Similarly, &
is surjective. If C(X) is simple, we obtain a simple C(Y) by selecting a simple
C(Y)) for each i. Q.E.D.
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COROLLARY 2.3. For any algebra C and automorphism ¢ of C there exists
a rich extension C, of C to which ¢ extends. C, can be obtained from C by
addition of constants. If C is simple, C; may also be selected simple.

Proof. This follows immediately from Lemma 2.2 in whichwelet A, = 4, =C
and X1=X2=X=Q. Q.E.D.
The main theorem of this section begins to take shape in our next result.

PrROPOSITION 2.4. Let 6:A, — A, be an isomorphism between subalgebras
of a simple algebra C. Then there exists a simple rich extension D of C such
that o extends to an automorphism of D.

Proof. We apply Lemma 2.2 (in which X; = X, = X = ¢¥) and let D = C,.
Let also p’ be the automorphism of Cy induced by p and let f:C(Y)— Cy be
the representation of C(Y) corresponding to the pair C[Y]. The proposition
will be proved if the diagram

A —Ls ¢,

pl lp’
4 —Ls ¢,

is commutative. To verify this we let g€ A,(Y) and y e Y'. We have

PfoO) = @™y [by (17), §1]
= S("'y/Dg.

This last expression is a closed element of the simple algebra A4,(Y) and is thus

left fixed by p. Applying p to it we get [by (1)1, S(y/I)pq = (fpq)(y). Q.E.D.
In the above proof, if we let A; = A, = C(Y) we obtain the following

COROLLARY 2.5. An automorphism of a rich simple algebra extends uniquely
to the canonical full extension of that algebra.

To prove unicity we let p’ be any automorphism that makes the above diagram
commutative and we let g be the corresponding permutation of Y. It follows
using the equations at the end of the proof of Proposition 2.4 that g =p,

We shall not consider pairs any more (except in Theorem 4.2) as these have
already served their main purpose (in the proof of Proposition 2.4). Some of
our results, for instance Proposition 2.4 and Corollary 2.5 above and Theorem
2.7 below, could have been stated for pairs instead of algebras but as we will
have almost no use for such generality we shall restrict ourselves to the more
familiar concepts. Our proofs can be generalized easily using, this time, Lemma
2.2 in all its generality.
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Proposition 2.4 will be generalized to nonsimple algebras later in this section.
Corollary 2.5 could also be generalized but this will not be done in the present
paper.

Let A=F(X’" B) and A, = F(X!,B) be full functional algebras with the
same center, and let t: X — X, be a surjective map. A mapping s: 4, - A can
be defined by setting (sp)(x) = p(tx) for all pe 4, and x € X”. The mapping s
is indeed a polyadic monomorphism; the verification of this is straightforward
and is a special case of the proof of Lemma 6.4 in [15]. We call a monomorphism
such as s a stretch imbedding. It is easy to verify that s is an equality imbedding
iff ¢ is biunique. This concept enables us to prove a fundamental property of
polyadic algebras which we now need and which will also be used in Chapter III.

THEOREM 2.6. Any two polyadic algebras, indeed any family of such al-
gebras, can be imbedded into a single polyadic algebra.

Proof. Let {A,,IheH} be the given family of polyadic algebras. Let, for
each h,g,:4,— F(X/,B,) be an imbedding into a full functional algebra. All
we need to have now is a single X and a single B instead of one for each h. Let
B be, say, the free product of the B, as |I |-complete Boolean algebras [39].
Since all relevant suprema are preserved in the imbeddings B, — B we obtain
polyadic imbeddings f,: F(X},B,) = F(X{,B). Now let X be a set such that
| X| = | X,| for all h, and for each h, let t,: X — X, be a surjective map. These
maps yield stretch imbeddings m,: F(X/,B)— F(X " B). Finally we obtain the
imbeddings m,f,g,: 4, — F(X',B). Q.E.D.

We are now ready for the first main result of this section.

THEOREM 2.7. Let f;:A— B;, i=1,2, be polyadic monomorphisms; then
there exist polyadic monomorphisms g;: B;— D which amalgamate the f, i.e.,

such that the diagram
jl/ y\

is commutative. Of course, if the B, are simple, D can be selected simple.

Proof. We first deal with the case of simple algebras. Let, by Theorem 2.6,
6;:B;— C, i=1,2, be monomorphisms into a simple algebra C. Set A4; = 0,f(A)
and o = (6,f,)(6,f1)~"; o is an isomorphism of 4, onto A4,. Let D be a simple
extension of C such that ¢ extends to an automorphism p of D (Proposition 2.4).
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Let g, = p~lo,and g; = ;. Then for p € A we have indeed g,£,(p) = 6~ ', £,2(p)
=0,f1(p). This concludes the proof in the simple case.

The general case follows easily from the simple case and from the semisimplicity
of polyadic algebras. For convenience we assume that the f; are identity maps.
Let {(Ml,‘,Mz,‘)]keK} be the set of all couples such that for all ke K, M,
and M,, are polyadic maximal ideals of B; and B, respectively such that
M, NA=M, NA. For each k, let g,:B;— D, be homomorphisms with
kernels, M, i =1,2. Let D be the algebra of all elements with finite support
of the (possibly not locally finite) direct product algebra [[D, and set for
p€ B, 8(p) = {gu(p)}. Clearly the g; are homomorphisms such that g, | 4 = g, | A.
To show that g,, say, is injective we let for pe B,, M, be a maximal ideal of
B, such that p¢ M,, and M,, be a maximal ideal of B, containing M, N A.
Then g,,(p) # 0 and hence g,(p) # 0. Q.E.D.

When the B, are equal to a single algebra C we may state the result as follows.

COROLLARY 2.8. Let A be a subalgebra of an algebra C and letc:A—C
be a monomorphism. Then C admits an extension D such that ¢ extends to a
monomorphism p:C—D.

Proof. This follows immediately from Theorem 2.7 in which B, = B, =C, f,
is the identity map, f, = o and C is identified to a subalgebra of D by g,. Q.E.D.

The unscrupulous reader who pays no particular attention to the continuum
hypothesis can leave out the rest of this section as these results will be superseded
in §6 at the cost of using the continuum hypothesis.

From Corollary 2.3 and Corollary 2.8 it is possible to prove Proposition 2.4
without the hypothesis of simplicity.

THEOREM 2.9. Proposition 2.4 holds in general for nonsimple algebras.

Proof. We use the same device as in the proof of Lemma 2.2. We apply
Corollary 2.8  times to obtain an infinite sequence of monomorphisms:

g:A,-C, o;': C »Cy,
6, C; = Cy, o5 C;—Cs,
6,: C3-C,, o;': C,— Cs, and so on.

Each monomorphism in this sequence is obtained by applying Corollary 2.8 to
the inverse of the monomorphism that precedes it: thus, o; ! is obtained from
6" ':4,-C, 0, froma,:6,”'(C)— C, and so on. Hence, for all i, 6,,, extends
g;. We let C' = U,-".ZICi and p be the common extension of all ¢;; it is obvious
that p is an automorphism of C’. Finally, applying Corollary 2.3 with C’ in
the role of C, we let D be a rich extension of C’ to which p extends. Q.E.D.

To conclude we generalize Proposition 2.4 in a different direction to get the
second main result of this section.
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We shall use tacitly, here and in some later proofs, the following lemma which
is easily established, say by Zorn’s lemma.

LeMMA 2.10. Let {D,|heH} be an increasing chain of algebras, H being
a well-ordered set, such that any automorphism of any D, extends (in at least
one way) to an automorphism of the next D,. Then any such automorphism
extends to the union of the D,,.

THEOREM 2.11. Any simple algebra C admits a rich simple homogeneous
extension D.

Proof. We first prove the weaker statement: there exists a rich simple ex-
tension D’ of C such that any monomorphism of any subalgebra of C into C
extends to an automorphism of D’. We obtain D’ by a transfinite process. Let
T be the set of all monomorphisms ¢ of any subalgebra of C into C, arbitrarily
well-ordered. We construct a chain {D,|s X} of simple full extensions of C
such that whenever ¢’ < ¢ then D,. = D, and ¢’ extends to an automorphism
of D, (in at least one way). If D,. has been constructed and ¢ is the successor
of ¢’ in the ordering of ¥, we obtain D, by applying Proposition 2.4 with D,.
in the role of C and ¢’ in the role of o, to obtain an algebra D, say, and then
by letting D, be the canonical full extension of D*. The monomorphism o’ ex-
tends to an automorphism of D, by Corollary 2.5 since it extends to an auto-
morphism of D*. Also any monomorphism preceding ¢’ extends to an auto-
morphism of D, (by Theorem 1.5) since it extends to an automorphism of D,..

If ¢ has no predecessor we obtain D, from the D,. for ¢’ < ¢ by taking the
union of these and then taking the canonical full extension of this union. At
the end D’ is obtained simply by taking the union of all D,.

To obtain D we repeat the above process a transfinite number of times exceed-
ing the cardinality of C, taking at each limit step, the canonical full extension
of the union of the previously constructed algebras. D is the union of this new
chain of extensions. Q.E.D.

3. The case of equality algebras. Many results of §2 can be stated for equality
algebras. In these statements all subalgebras of a given algebra are assumed
to have acommon equality and all homomorphisms are assumed to be equality
homomorphisms. In most cases these statements need not be given new proofs
but can be deduced easily from the corresponding statements for general polyadic
algebras as we shall show presently. For this we need a lemma.

Lemma 3.1. If {4,|heH} is a set of subalgebras of an algebra C, the
union of which generates C, and if E is a common equality for the A,, then
E is an equality for C.

Proof. We know that E is reflexive. We show that E is substitutive, i.e., for
all peC and i,jel
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(1 p N EG,j) < S(i/j)p.

Let T be the set of elements p of C for which (1) holds; we show that ¥ = C.
It is easy to see that X is closed under \V and A. Let B, be the Boolean algebra
generated by the 4,. Since an element of By is a union of intersections of elements
in the A,, we have that By c X. B, is obviously closed under all S(x), a€l’,
and generates C polyadically. Therefore, by the prenex normal form theorem
(see [17]), an arbitrary element of C is the result of applying a finite number
of quantifiers 3(i) and V(j) to an element of B,. For each non-negative integer n,
let B, be the set of elements of C obtainable by prefixing at most n quantifiers
of the form 3(i) or V(j) to an element of B,. Each B, is a set (actually a Boolean
algebra) closed under all S(a); this is easily verified by induction on n using
(P¢) in the definition of polyadic algebras.

We will be finished if we can show that B, c X implies that B, ., < Z, for all n.
Suppose therefore that B, X and let peB,. We have to show that
QP N E(i,j) £ S(i/j)Q«p, where Q, is either 3(k) or V(k), for all i,j,kel. Let
k’ €I be neither i nor j and let p, = S(B)p where B is the transformation that
interchanges k and k' but leaves all other variables fixed. Since p, € B,, we have
(1) with p, instead of p. Applying Q,. to both members we have, since a quantifier
is monotone, Q,.p; A E(i,j) < S(i/j)Q« p;- But Q,.p, = Oip. Q.E.D.

An application of Lemma 1.1 immediately yields the equality version of Cor-
ollary 2.3. For the equality versions of Proposition 2.4, Theorem 2.7 and Theorem
2.9, apply Lemma 3.1. Thus in 2.4, simply replace D by the subalgebra generated
by all subalgebras p'C where p is the automorphism extending ¢ and i runs
through all integers; then apply Corollary 2.3. The easiest way to obtain the
equality version of Theorem 2.11 is to go through the proof again and use this
time the equality version of Proposition 2.4 where we used Proposition 2.4 be-
fore, noting also that the canonical full extension of a rich equality algebra D*
has the same equality as D”.

Theorem 2.6 does not work for equality algebras in general; in order to state
the correct generalization of this theorem to equality algebras, we need some
definitions. If 4 is an algebra with equality E, we say that A (or E) is of charac-
teristic zero if for all finite set of variables J we have

©)) VAEGD|i#j; ijed} # 1.

If 4 is not of characteristic 0 we say that it is of characteristic n > 0 for the
least integer n for which (2) fails to hold for a set of variables J containing
n + 1 elements.

The following lemma is well known.

LeMMA 3.2. Let A be a simple equality algebra and let X be a set. Then,
A is of characteristic 0, a sufficient condition so that there exists an equality
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imbedding A— Cy, is that | X| 2| A|; on the other hand, if A is of nonzero
characteristic n, such an imbedding exists iff |X| =n.

Proof. Assume A of characteristic 0 and let | X|=a. Let K be a new set
of cardinality « and fix the variables in K of an (I U K)-dilation of 4 to obtain
analgebra A(K). The set of closed elements of A(K), {E(k,, k,) | ky # ky3ky,k, €K}
generates a proper ideal. By dividing A(K) by a maximal extension of this
ideal we obtain a simple extension of A, the set Y,, say, of all constants of
which is of cardinality . Also | A(Y;)| =« since « 2 |A|. If now Y is the set
of all constants of a rich simple extension A(Y) of A(Y;), the canonical repre-
sentation of A(Y) yields an equality imbedding 4 » Cy. As we may suppose
| Y| = «, we may also suppose that Cy is isomorphic to Cy.

The rest of the lemma follows easily from the representation theorem for equality
algebras and the easily established fact that any simple rich equality extension of
a simple equality algebra of characteristic n >0 is bound to have exactly n
constants. Q.E.D.

For the generalization of Theorem 2.6 to equality algebras we confine our
attention to simple algebras.

THEOREM 3.3. Any family of simple equality algebras all having the same
characteristic n 20 can be imbedded in one simple equality algebra of the
same characteristic.

Proof. Let {4,|h e H} be the given family. We use Lemma 3.2. If n > 0, the
common extension is Cy with | X|=n. If n=0, we let X be a set such that
| X | = | 44| for all he H, and again the common extension is Cy. Q.E.D.

Before we come to cardinality and unicity considerations concerning homo-
geneous extensions we study in the next section another problem related to
automorphisms of polyadic algebras.

4. Normal extensions. By analogy with elementary field theory, we say that
an extension B of an algebra A is normal if for every element p in B— A there
exists an A-automorphism ¢ of B which moves p, i.e., o(q) = q for all ge 4
and o(p) # p. This means that A is the fixed subalgebra of B for the group of
all A-automorphisms of B, i.e., 4 is equal to the subalgebra of B formed of all
elements of B left invariant by all A-automorphisms of B.

The main result of this section asserts that, for simple algebras, any extensions
can be imbedded into a rich homogeneous normal extension (Corollary 4.6).
The preliminary results are valid also for nonsimple algebras. Our procedure
makes use of a method of proof due to A. Robinson [38] and which can be
summed up in the following

LEMMA 4.1. Let B and B, be two Boolean algebras such that B < B, and
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p€ B, — B. Then, there is a maximal ideal M of B such that neither p nor p’
is in the ideal of B, generated by M.

Proof. Let J(p)={q|qeB and q<p} and J(p')={q|qeB and q<p'};
these are two ideals of B. Let K = J(p) UJ(p’). K generates a proper ideal, for
q,V q; =1 with g, < p and g, < p’ is a contradiction. Let J be any proper
ideal of B containing K. Then we show that p¢J= {q,|q,€B, and q; < ¢
for some g € J}, the ideal of B, generated by J. Indeed, if p < q with geJ (p=¢
is excluded since p ¢ B) we would have g’ < p’ and therefore q’ € K < J, contra-
dicting the fact that q € J. Similarly p’ ¢ J. Let M be a maximal J. Q.E.D.

Our next theorem will later be interpreted as an algebraic version of Beth’s
theorem in the theory of definition (Theorem 11.1).

THEOREM 4.2. Let A, be any extension of any algebra A and pe A; — A.
Then there exist two homomorphisms f, and f, of A, into some algebra D such

that fi(p) # f2(p) and f, |A =f2|A-

Proof. Let {i,,---,i,} support p and let 4,(d,,--,d,) be obtained by fixing
n new variables. We shall abbreviate (d,,---,d,) by d and shall write p(d) for
S(d, /iy)---S(d,i,)p. Thus p(d) is in the center B, of A(d) but not in the center
B of A(d). (This is the only property of d used hereafter.) By Lemma 4.1, let M
be a maximal ideal of B admitting two maximal extensions M; and M, in B,
such that p(d)e M, and p(d)’ € M,. Let (h;,8): A,[d] = A}’[d], be the natural
homomorphism with kernel M;, i=1,2. If AP[d], i = 1,2, are the images of
A[d] by these homomorphisms, we have an isomorphism (¢, 8): A’[d] -» 4*[d]
such that h, = ch, on A(d). Let (g;,8;): A{”[d] - C[X], where C[X] is a suitable
pair and i = 1,2, be monomorphisms such that the diagram

3.5 A7) AR
AD[d] A Clx]

’5 \ b g
(0,9) \‘A(f’[d] /ﬂgz g2)

is commutative. This is possible by Theorem 2.7 when stated for pairs.
Set D = C(X); f;=g;h; for i=1,2; and e; = g,(d;) = g,(d;) for j=1,---,n.
e have,for ge 4,f,(q) = g,:h(q) = 820h(9) = g2h2(9)=f2(q). Also f1(p) #/2(p)
since S(e, /iy) -+~ S(e,/i,)f1(p) = 0 and S(e, [iy) - S(e, [in)f2(p) = 1. Q.E.D.
If A and A, have a common equality, all references to pairs can be eliminated
if we use the equality version of Theorem 2.7 and the unicity part of Lemma 1.3.

PRrOPOSITION 4.3. Let A, be a simple extension of a simple algebra A and let
pe A, — A. Then there exists a simple extension D of A, and an A-automor-
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phism p of D such that |D| = IAI, and p(p) # p. If A and A, have a common
equality then it may be assumed that D shares this equality.

Proof. Let f;:A; - D,, i =1,2. be the monomorphisms given by Theorem
4.2. Apply Proposition 2.4 with f(A4,) instead of 4; (i = 1,2), D, instead of C and
o =f,f;'. Obtain thus an extension D, of D, and an automorphism p of D,
extending o, which means that pf, = f,. Identify A, with f,(4,) say, and let D
be the smallest subalgebra of D, containing f,(4,) and closed under p; this is
the required extension. For D is generated by | )2 -, p'f1(4,), a set of cardinality
|4, |, and hence |D | =|4,|. If 4 and A, have a common equality E, then E
being left fixed by p, D also admits the equality E by Lemma 3.1. Also, for g€ 4,
we have p(f19) =f(q9) = f1(q) and p(f,p) = f2(p) # f1(P). Q.E.D.

For any infinite cardinal number B an algebra C is said to be f-homogeneous
if any monomorphism ¢:C, — C, between subalgebras of C of cardinality < f,
extends to an automorphism of C. This concept is due to B. Jénsson [22]. If X
is an infinite set of cardinality « and C is an homogeneous extension of Cx then
C is a*-homogeneous. This follows from the fact that any algebra of cardinality
< a can be imbedded in Cy.

In what follows we let X be an infinite set of cardinality « and Cj
be any simple «*-homogeneous extension of Cy.

LeMMA 4.4. Let A, be a subalgebra of C} of cardinality <a. Then any
extension D of A, of cardinality < « is equivalent to an extension of A, in Cx.

Proof. Let o:D — Cj be any monomorphism andlet p be an automorphism
of Cy extending alA,. Then if we set 6, = p~'0, ¢, is a monomorphism of D
into Cx which leaves A, elementwise fixed. Q.E.D.

THEOREM 4.5. Cy is a normal (homogeneous) extension of any subalgebra
A of cardinality at most a.

Proof. Let peCx— A and let A, be a subalgebra of Cj, of cardinality at
most « and containing 4 and p. Let, by Proposition 4.3, D be an extension of
A, of cardinality at most «, admitting an automorphism p which moves p. By
Lemma 4.4 we may assume that D is also contained in Cx. The automorphism
p extends to an automorphism of C5 because of the a+-homogeneity of C¥. Q.E.D.

The main result of this section is obtained as a corollary:

COROLLARY 4.6. Let A, be any simple extension of a simple algebra A.

Then A, can be extended to a simple rich homogeneous and normal extension
B of A(%).

Proof. We let «=|4,| and imbed 4, into a rich Cx which we choose as

(5) Corollary 2 of the author’s abstract [5] is misstated: the statement becomes true if
the word “simple” is deleted throughout.
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our B. This is indeed a rich simple homogeneous extension of A since |A| < a.
That B is normal over A, is guaranteed by Theorem 4.5. Q.E.D.

Next we examine the case of equality algebras. Suppose that in Corollary 4.6,
A and A, have a common equality E; then we wish to show that B can be chosen
so that it shares this equality. For this, when A, is of characteristic 0, it suffices
to let the imbedding 4, » C} of the above proof be an equality imbedding
(Lemma 3.2). If A, is of characteristic n, it can be imbedded in Cy with IX ] =n.
Since, then, Cy has no proper simple equality extension, it is normal over any
equality subalgebra A by Proposition 4.3, and it is an homogeneous extension
of any such A4 by the equality version of Theorem 2.11.

Theorem 4.5 can be reformulated by saying that the function which assigns
to any subalgebra 4 of C¥ of cardinality at most o (= |X|, X an infinite set)
the group of A-automorphisms of C¥, is injective. No characterization of the
groups of automorphisms of C that are obtained in this manner will be discussed
in this paper and, in any case, that cannot be attempted with any chance of
success before some unicity statement is made regarding Cy. The situation is
different for a finite set X if we further confine ourselves to equality algebras;
for, in this case, as we have seen, the role of Cy is played simply by Cy. To any
group G of automorphisms of Cy there corresponds a group G = {¢|c€G} of
permutations of X and conversely (Theorem 1.4).

THEOREM 4.7. Let X be a finite set. The correspondence which assigns to
every equality subalgebra A of Cy, the group of permutations of X correspond-
ing to the group of A-automorphisms of Cy is an antiisomorphism of the lattice
of all equality subalgebras of Cy onto the lattice of all permutation groups
of X.

Proof. The only nontrivial part of this statement there is still to prove is
the ontoness. For this, it suffices to construct for any group G of automorphisms
of Cy an element p of Cy such that for any automorphism ¢ of Cy, op= p iff
6€G. Let X = {x,,--,x,}. To construct p we define an n-place predicate R on
X by setting for any (y4,-,¥,) € X", R(yy, -, y,) = 1 iff for some pe G, y; = px;;
i=1,---,n. If {i;,-,i,} is a set of distinct variables, it is easy to verify that
p= R(i,,+,i,) has the required property. Q.E.D.

From the theorem and its proof it also follows that any equality subalgebra
of Cy, for X finite, can be generated by a single predicate in addition to the
equality.

In Theorem 4.7 our development virtually makes contact with the Galois
theory of M. Krasner [33-35]. When interpreted polyadically Krasner’s theory
establishes a one-one correspondence between all groups of permutations of
an arbitrary set X and all (not locally finite) complete (in the Boolean sense)
equality subalgebras of the polyadic algebra C of all functions (with or without
finite support) from X7 (with |I| 2| X|) to 0. Another statement of Krasner’s
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theory is that any isomorphism between two subalgebras of C of the type just
described can be extended to an automorphism of C(¢).

It is possible to generalize Corollary 4.6 to nonsimple algebras using the re-
sults of §6 (hence the continuum hypothesis) and the concept of free product
of algebras with amalgamation of subalgebras as defined in [4].

5. Cardinality considerations. The main result of the previous section
(Corollary 4.6) says nothing as to the ‘‘unicity’’ of the normal homogeneous
extension B. Of course, any unicity statement about B is bound to be conditional
to some restriction on the cardinality of B. From our point of view, however, a
best result would render B unique by imposing on it some further algebraic
condition that would entail such a cardinality restriction. Examples of what we
have in mind are the algebraic closure of a field or the real closure of an ordered
field. Unfortunately we have not been able to find such a result and the only
known unicity statement (Theorem 6.3) will make the a+-homogeneous extension
Cj of Cx unique (| X| = « 2 w), and will be provided by a theorem of B. Jénsson
on general algebraic systems. This theorem assigns a prominent role to cardinal
numbers and its known proof has the disadvantage of requiring the generalized
continuum hypothesis.

In this section we pave the way to the application of Jénsson’s work to poly-
adic algebras and we prove that if in Corollary 4.6, 4, is of cardinality a, then
B can be chosen of cardinality at most 2% Indeed, as this is not much harder,
we prove a theorem (Theorem 5.5) which comes as close to Theorem 6.3 (for
the class #)as we have been able to get without the continuum hypothesis. We
shall also have occasion to invoke the results of this section in §12 instead of
Theorem 6.3, thus making §12 also independent of the continuum hypothesis.

We begin by noting the rather superficial fact that in such considerations we
may assume that |I| = w. This is a consequence of local finiteness. Indeed any
algebra is a dilation of an algebra of degree w. It is easily shown that if 4 and B
are any algebras and if 6: 4 » B is an homomorphism and A+ and B+ are di-
lations of A and B (with the same set of variables) then ¢ extends uniquely to an
homomorphism ¢*:A* — B*; if o is a monomorphism (epimorphism) then ¢*
is also a monomorphism (epimorphism). If B is a rich algebra, any dilation B*
is also rich. Therefore if B is a rich homogeneous normal extension of A then
B* is also a rich homogeneous normal extension of A+. If 4, is a J-compression
of A with |J| = w we call | 4| the effective cardinality e of A. If welet |I| =
and |A| =« then o = B-e(7). Hence if By is the desired extension for A, with

(6) Although Krasner mentions only permutations of /7 and not transformations in general,
it can be shown that, in this context, any S(a) can be defined in terms of equality, arbitrary
intersections and the S(8), § ranging over the permutations of /.

(") Unless A is degenerate, i.e., consists only of closed elements, which, as A is simple
means that 4 = 0.
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| B;| £ 2° we have a similar extension B for A such that |B| < f2°<2%"¢= 2"
In particular, as soon as 2 2 we even have a = |A|=|B| = B. For the rest
of this chapter we shall therefore assume for the sake of simplicity that |I| = w.
Our statements remain valid, if, in them, one interprets the cardinality of any
algebra as the effective cardinality of that algebra.

Next we prove two easy lemmas concerning the cardinality of certain sets.

LeMMA 5.1. If |X| =02 o, then |Cx|=2"

Proof. There are |I| finite subsets J of I. For each such J there are 2°
elements of Cy supported by J, for X’ has 2° subsets. Therefore
[Cx| =1 2*=w-2"=2" Q.E.D.

LEMMA 5.2. Let o be an infinite cardinal and u be a type involving at most
o relations. Then the number of isomorphism classes of relational systems of
type p and of cardinality at most a is 2°

Proof. For each (infinite) cardinal B there are 2f ways of choosing on g a
finitary relation and hence (2%)* ways of choosing « such relations. Assuming
B < « we have at most 2* isomorphism classes of systems of cardinality B. There-
fore there are at most a-2” = 2" isomorphism classes of systems of cardinality
at most «. That there are exactly 2* such systems can be seen, for instance, by
observing that for each subset A’ of the domain A of u there exists a system
{X,R,) such that | X|=a and R,= iff 1e A" Q.E.D.

COROLLARY 5.3. The number of isomorphism classes of polyadic algebras
of cardinality at most a is at most 2°.

Proof. A polyadic algebra of degree w can be considered as a relational
system of a type involving w relations: there is in addition to therelations stand-
ing for the Boolean operations of, say, ‘‘intersection’’ and ‘‘complementation,”’
one (binary) relation for each quantifier 3(J) such that J is finite, and one (binary)
relation for each S(«) such that a is a finite transformation (see 7.6 in [13]).
The result follows from Lemma 5.2. Q.E.D.

The following theorem will enable us to cut down the cardinality of homo-
geneous extensions in general.

THEOREM 5.4. Let D be a rich extension of an algebra C and let G be a
group of automorphisms of D. Suppose that y= IG] and 6 =w|C|.
Then there exists a rich extension D of C contained in D, invariant under G
and such that |D| £+8.

Proof. Let B be the smallest subalgebra of D, containing C and closed under
G; we have that |B| < y0 for Bis generated by U{aC | o € G}, a set of cardinality
at most y0. Let Z, be a set of constants of D such that B(Z,) is rich and | Z, | < y6.
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Let now Z, be the smallest set of constants of D containing Z, and invariant

under G = {6|oeG}; again |Z,| <y6. By induction we construct an infinite

sequence {Z,~| 0 £ i < w} of sets of constants of D such that |Z,.] <70 for all i;

and, whenever i is even, B(Z,) isrich; and, whenever i is odd, Z; is invariant under

G and hence B(Z) is invariant under G. Letting now Z =|_J;2,Z;, the required

algebra D is B(Z). Q.E.D.
We can now state the main result of this section.

THEOREM 5.5. Let o be an infinite cardinal, X a set such that |X| =a,
and C a simple algebra of cardinality at most 2°. Then there exists a simple
rich a*-homogeneous extension Cx of Cx of cardinality 2% in which C can be
imbedded.

Proof. Let by Theorem 2.6, C, be a common extension of Cy and C. By
Lemma 5.1 we may assume that |C,|=2% Let D be any simple rich homo-
geneous extension of C,; we will obtain C} by a transfinite induction of length 2°.

We choose, once for all, a set S of subalgebras of C made up of representatives
of all isomorphism classes of algebras of cardinality at most «; by Corollary 5.3,
| S| <27 If C’ is any subalgebra of D such that |C’| £2% and X’ is the set of
all monomorphisms from elements of S into C’ then |Z’| < 2*|C’|* = 2%

Assume we have constructed a chain {(C,,,G,)[Og p <2} such that

(i) {C,} is an increasing chain of rich subalgebras of D;

(ii) {G,} is an increasing chain of groups of automorphisms of D;

(iii) for each p, C, is invariant under G,;

(iv) for each p, |C,| =|G,| =2%

(v) for each p, if X, denotes the set of all monomorphisms of algebras in S
into C,, any element of I, extends to (at least) one element of G,,;. Let
Cy be the union of the C, and G be the union of G,; obviously, C} is a rich ex-
tension of C, in D invariant under the group G and |C}| < 2% We show that
C} is « *-homogeneous. Given an isomorphism o: 4, » A, between two sub-
algebras of Cj of cardinality < a, we choose p <2* and A4 € S such that 4, and
A, are contained in C, and there exists an isomorphism o¢,:4— A4,. Set
6, = 66,. The monomorphisms o, and ¢, extend to automorphisms o; and
o3 in G,+; = G, and hence to automorphisms of C¥.If welet 6* = (af )'la;,
we obtain an automorphism in G which extends o.

To construct the chain {(C,,G,)}, we first let G, consist of the identity auto-
morphism alone. Assuming {(Cp,,Gp,)l p’ < p} constructed with the above prop-
erties we let G,,, be generated by G, together with a set of automorphisms
of D obtained by extending each monomorphism in X, to some automorphism
of D. Letting C'=C, and £'=3, above we have that |%,| <2 and since
|G,| =27, we have |G, |=2" We then let C,,; be any rich extension of C,
in D, invariant under G,,; and of cardinality 2* (Theorem 5.4).
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If p <2, is a limit ordinal and {(CP,,GP')Ip’< p} has been defined we simply
let C,and G, be the union of the C,. and the union of the G,. respectively. Q.E.D.

6. ot -universal-homogeneous algebras. Let # be a class of similar
relational systems and f an infinite cardinal number. A system A in X is said
to be B-homogeneous with respect to A if any isomorphism o¢:A4; - A, such
that A;c A, A;e & and | 4;| < B for i = 1,2, extends to an automorphism of 4.
A system A in X is said to be f-universal (with respect to X') if any system B
in J such that |B| < B can be imbedded in A. A system which is both S-universal
and B-homogeneous will be said to be f-universal-homogeneous. These defini-
tions are due to B. Jonsson who has proved a general theorem as to the existence
and unicity of such systems, under the assumption of the (generalized) continuum
hypothesis. In this section we shall apply Jonsson’s theorem, in conjunction with
results of the previous sections, to several classes of polyadic algebras. For the
whole of this section we assume the continuum hypothesis.

Jonsson’s theorem can be stated as follows (see [21;22]).

THEOREM 6.1. Let A be a class of similar relational systems of a type
having at most o relations. In order that, for each infinite cardinal a, there
exists one and, to within isomorphism, only one a*-universal-homogeneous
system in A of cardinality «™ =2°% it is sufficient that the following con-
ditions be satisfied:

(I') for every cardinal B there is A€ A such that |A| 2 B;

(I) if A,eX and A, is isomorphic to A, then A, X;

(III) any two systems in X can be imbedded in a third system in X

(V) if firA— A;, i = 1,2, are monomorphisms such that A, A,, and A, are
in A, then there exist B in " and monomorphisms g;:A;— B, i=1,2, such
that g, f; = 8&:/3;

(V) X is closed under unions of arbitrary chains;

(VD) for every infinite cardinal B, if A€ A and B is a subsystem of A, such
that |B[ < B, then there exists a subsystem C of A containing B and such that
|C| < B and Ce .

When & satisfies the conditions of Theorem 6.1 we shall denote by U (")
the unique a*-universal-homogeneous system in &, « being any infinite car-
dinal. Before we apply Theorem 6.1 to polyadic algebras it is convenient to derive
an easy corollary of it.

COROLLARY 6.2. Let X and A" be any two classes of similar relational
systems both satisfying the conditions of Theorem 6.1 and such that X' <X
Suppose moreover that every system in X can be imbedded in a system in A~
having the same cardinality. Then U (X)= U/(X").

Proof. That U, (X") is a*-universal with respect to ¢ is obvious from the
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hypothesis; we show that it is a*-homogeneous. Let 6: 4, — A, be an isomor-
phism such that 4;€ &, | A;| < aand 4; < U(X")for i = 1,2. Let,fori = 1,2, 4]
be an extension of A; such that |4;| < « and such that there exists an isomor-
phism ¢':A; — A;. By an argument like that of the proof of Lemma 4.4 with
U(X") in the role of Cy we may assume that 4; and A} are contained in
U (A"). The a*-homogeneity of U, (") yields an automorphism of U (X")
extending ¢’ and hence o. Q.E.D.

For the application of Jénsson’s work to polyadic algebras we maintain the
hypothesis | I| =  so that, as pointed out earlier (proof of Corollary 5.3), poly-
adic algebras can be considered as relational systems of a type having w relations.
We now list some classes of polyadic algebras:

2, the class of all algebras;

&, the class of all simple algebras;

A, the class of all rich algebras;

&, the class of all equality algebras;

&,, n 20, the class of all equality algebras of characteristic n;

L =6nS,nz20;

R,=E,NR, n=0.

e note that in order to apply Jonsson’s theorem to classes of equality al-
gebras we must conceive an equality algebra as a relational system of a type
different from that of polyadic algebras so as to make the concept of equality
monomorphism a special case of the concept of monomorphism for relational
systems in general. The type of equality algebras is obtained from that of polyadic
algebras by adding to the relations standing for the Boolean operations and for
3(J) and S(«) (with J and « finite) a distinguished element standing for E(i,j)
for some arbitrary but fixed pair of distinct variables (i,j).

Now we can state the main result of this section which, with the help of the
continuum hypotheses, supersedes some of our earlier results.

THEOREM 6.3. The classes #, R, &, S NR,F, and SN R, all satisfy
the conditions of Theorem 6.1 and hence each of them admits, for any infinite
cardinal a, a unique a*-universal-homogeneous system.

Proof. Conditions II, V, and VI are trivial in all cases. Condition 1’ follows
from Lemma 5.1, say, in all cases. Condition III follows from Theorem 2.6 for
the first four cases, and from Theorem 3.3 for the remaining two cases. Con-
dition IV’ follows from Theorem 2.7 for the first four cases and from the equality
version of this theorem for the last two cases. Q.E.D.

We cannot apply Jonsson’s theorem to the class &, for III fails for that class.
The same condition also fails for the classes &, and £, for n20. If n>0, &,
does not satisfy I'. Also it is easy to show that a class of equality algebras, like &
for instance, conceived as a class of polyadic algebras so that the concept of
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monomorphism for it is simply that of polyadic monomorphism, does not satisfy
Condition V.

From Corollary 6.2 it follows immediately that the six a*-universal-homo-
geneous systems given by Theorem 6.3 are equal in pairs. More precisely we have

COROLLARY 6.4.
U2) = U, D),

US) = U(SNR),
UF) = UFoNRy).

The last of these three systems has an equality, but we do not expect the first
two to be equality algebras:

THEOREM 6.5. The algebras U (%) and U(S) have no equality.

Proof. Let U be any of these two systems and assume that U has an equality
E. Let A, be any equality subalgebra of U of cardinality < «. Applying Propo-
sition 4.3 with A= {0,1} and p = E(i,j) for some pair of variables such that
i # j, we obtain an extension D of 4, and an automorphism p of D such that
p(p) # p. As in Lemma 4.4 we may assume that the extension D of A4, is con-
tained in U. The automorphism p extends to U. But p is invariant under any
automorphism of U. Therefore U has no equality. Q.E.D.

There is yet another class of systems to which we wish to apply Jonsson’s
theorem. Let A be a simple equality algebra of characteristic 0. We denote by
A(A) the class of all simple rich extensions by addition of constants of 4. We
say that an algebra A(X)e %(A4) of cardinality f is f-universal-homogeneous
if any algebra A(Y) of cardinality < f in %#(A4) can be imbedded in A(X) by an
A-monomorphism and if whenever ¢:A4(X,)— A(X,) is an A-isomorphism
between two subextensions of A(X) of cardinality less than f, ¢ can be extended
to an automorphism of A(X). This concept becomes a special case of the general
concept of B-universal-homogeneous systems of a type which, in addition to
the relations standing for the polyadic structure, has one distinguished constant
for each element of A. Note that this type may have more than w relations; it
has, indeed, exactly | A| relations assuming A # 0.

THEOREM 6.6. For all cardinals o > |A|, R(A) admits one and to within
A-equivalence, only one a*-universal-homogeneous system U[R(A)]. If A is
identified to a subalgebra of U(¥,) by an equality monomorphism and if
X is the set of all constants of U (F,) then UJ[R(A)] = A(X).

Proof. It is obvious from Corollary 6.4 that A(X) is an a*-universal-homo-
geneous system in %(A), since A(X) is closed under any A-automorphism of
U/(Z)- Also it is easy to see as in the proof of Theorem 6.3 that 2(4) satisfies
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the conditions of Theorem 6.1 except the basic one concerning the number of
relations of the type of the systems in %(A4) when | A] > w. The proof is complete
for the case |A|= w (the case where |A| < w is the trivial one where 4 = 0).

For the case where | A| > ® we note that Theorem 6.1 remains valid if in it
we replace w by any cardinal f provided we restrict « by the condition « > .
Only trivial modifications to the proof of Theorem 6.1 in [21; 22] are needed to
establish this fact; indeed Lemma 2.8 in [21] is the only part of the proof that
needs minor changes. However the reader need not verify the whole of this.
For we have already proved the existence of U,[#(A)] above independently
of this extension of Theorem 6.1, and for the unicity of this system it suffices
to verify that the proof of the unicity part of Theorem 6.1, that is, Theorem B
in [22], is independent of any hypothesis as to the number of relations of the
type of the systems concerned. Q.E.D.

CHAPTER II. REPRESENTATIONS OF SIMPLE FULL ALGEBRAS

7. Strongly rich algebras. The aim of Chapter II is to obtain a description of
all regular representations of Cy, i.e., of all monomorphisms of Cy into regular
functional algebras. Of course all 0-valued representations are of this type. As
a first step in the solution of this problem, we study in this section the represen-
tations of certain algebras to be called strongly rich algebras. We begin by some
general remarks concerning representations; we shall use the notations and
results of §1.

Let f be a (functional) representation of an algebra 4, i.e., an homomorphism
of A4 into a functional algebra; if this functional algebra is B-valued and has
domain Y, it will be found useful to denote the representation in full by [ f,4, Y, B].
It is obvious, since every element p of A is in the range of some predicate P
of A, that f is entirely determined once the B-valued predicates (fP)* of Y are
known, P ranging over the set of all predicates of A, or even over some set of
predicates generating A. Indeed if P is n-ary and p = P(i,,---,i,), then for all
ye YL (fp)(») = (fP)*(y:,,-+»¥;)- Even though these are determined by the
(fP)*, we shall often, when dealing with a regular representation, write explicit
formulae for the operations (fQ)* defined on Y by virtue of Theorem 1.2, Q
being an arbitrary operation of A.

Suppose A has an equality E. A functional representation [f, 4,Y,B] is said
to be reduced if fE is a reduced equality. The reduction of a representation
[g,4,Z,B] is a reduced representation [f,A4,Y,B] such that Y is the set of all
equivalence classes of Z under an equivalence relation ““~”’ defined by: z, ~ z,
for z, and z, in Z, if (gE)*(z,,2,) = 1. The representation f is defined by the
equation (fp)(y) = (gp)(z) where pe 4, ye Y', zeZ'; and, for all i, z, is in the
equivalence class y;. For further details, the reader is referred to §6 of [15].

A representation [f, 4,Y,B] is said to be irredundant if for all b € B there is
apedand a yeY’ such that (fp)(y)=b. An irredundant representation
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[f,A,Y,B] can be obtained from any regular representation [f,4,Y,B;] by
letting B be the subalgebra of B, consisting of these elements b which have the
above property.What we shall obtain in this chapter is a description of the reduced,
regular, irredundant representations of Cy.

Two representations [f;,A,Y;,B;], i =1,2, of an algebra A are equivalent
if for some bijective map ¢: Y; — Y, and some isomorphism  : B, — B,, we have,
for all pe A and yeY,

M (P ) = ¥[(f1P) (™ V)]

In case B, and B, are complete Boolean algebras, this definition simply means
that there exists an isomorphism o:F(Y, B,) - F(Y}, B,) such that of, = f,. If
[f1,A,Y,,B,] is a given representation, ¢:Y, —» Y, is any bijective map, and
V:B, - B, is any isomorphism, then (1) can be used to define a representation
[f2,4,Y,,B,], equivalent to the given one. We say that y and ¢ carry f, into f,.

The (equivalence classes of) reduced, regular, and irredundant representations
of a simple equality algebra A correspond biuniquely to the (equivalence classes
of) rich extensions of 4 by addition of constants. The correspondence assigns
to such an extension A(Y), the restriction to 4 of the canonical representation
of A(Y). Conversely if [f,4,Y,B]is a reduced, regular, and irredundant repre-
sentation, (fA)(¥) becomes a rich extension of 4 by addition of constants after
identifying A with fA.

We say that a representation [g,,4,,Y,,B;] is a subrepresentation of a rep-
resentation [g,,A4,,Y,,B,] if Y, < Y,, A, < A,, B, = B, and for all pe 4, and
ye Y], (g.p)(») = (g,0)(y). Equivalently we say that g, is an extension of g,
or contains g,. If A is a rich equality subalgebra of a rich equality algebra A4,
and if g, and g, are their canonical representations respectively, then g, con-
tains g.

Next we shall express an arbitrary extension by addition of constants A(Y)
of an (arbitrary) algebra A4 as a quotient of a free extension A(K) of A. For con-
venience we assume that 4 has an equality. An extension by addition of con-
stants B of A is said to be free if for some set of constants K of B for which
B = A(K), the following property holds; for any couple (h,h;) where h, is
an (equality) homomorphism of A into some algebra C and h, is a mapping
from K into constants of C, there exists an homomorphism h:A(K)— C such
that h| A=h, and h|K = h,, h being the mapping from constants of A to
constants of C defined by h (Lemma 1.3). The set of constants K is said to be free
on A. It is clear that the cardinality of K determines A(K) to within equivalence.
To prove the existence of free extensions we let A(K) be obtained by fixing the
variables in K of an (I U K)-dilation A* of A (we assume, of course, that
INK = ). Assuming C and (h,,h,) given we proceed to define h. We let
pe A(K) have support {i;,--,in, Ky, ,k,} as an element of A+. Identifying
the predicates of A with their extension to A4+ p has the form
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P(iy, - yim ky,++,k,) for some (m + n)-predicate P of A. We set
hp=(hP)(iy, "+ i hsky, -+, h,k,). The verification that h is an homomorphism
with the required properties is straightforward and will be omitted.

To express an arbitrary extension by constants A(Y) as a quotient of a free
extension we let A(K) be such that | K| | Y| and we choose for h, the identity
isomorphism and for h, an arbitrary surjective mapping K — Y. If N is the kernel
of an homomorphism h inducing (h,, h,), we of course have that A(Y) is equiv-
alent to A(K)/N.

We may mention here without a proof a fact which will not be needed later
but is perhaps of independent interest: if A = Cyx (X an infinite set) and K is
a singleton {k} then there exists a set K; of constants of the free extension A(k)
which is free on 4 and which has cardinality | X|.

We are now ready for a first easy lemma.

LeMMA 7.1. If A is an equality algebra and A(K) is a free extension then
the set of all constants of A(K) is the closure T'(K) of K under the operations
of A (identified to their natural extension to A(K)).

Proof. Let ¢ be a constant of A(K)and let g = E(i, ¢). As an element of A,
q has support {i,k,,---,k,} say, with (ky,---,k,) € K "and is therefore of the form
P(i,ky,---,k,) where Pis an (n + 1)-place predicate of A (identified to its extension
to a predicate of A™) single-valued in its last n places. Let T be the n-place
operation of A defined by P. We have ¢ = T(k,,---,k,). Q.E.D.

To get any further we must now specialize to a particular class of polyadic
algebras. We say that an algebra A is strongly rich if for any element p of A
with finite support J U {i}, there exists a J-term ¢ of A4 such that 3(i)p = S(¢/i)p.
Our next lemma asserts that this class contains that algebra in which we are
especially interested.

LEMMA 7.2. For any set X, Cy is strongly rich.

Proof. The generic element of Cy has the form p = P(i,i,,--,i,) where P
is some (n + 1)-place predicate of X. We look for an n-place operation T of C
such that

EOFCRARUNAED VRN ARFRIINA |
This means that for all (x,-,x,)eX",
(2) V{P(xaxl, "',X,,)' X GX} = P[T(xh "'axn),xl, ""xn] .

Given (xy, **+, X,), if the supremum in (2) is 1, choose x € X such that P(x,x,,--,x,)
= 1and set T(xy, -, x,) = x. Otherwise, define T(x,,---,x,) arbitrarily. Q.E.D.

As a second example of strongly rich algebras we mention Peano algebras.
Since this fact is not needed here, we omit the proof which is simple and is based
on a well-known argument that can be found for instance in [40].
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In order to obtain the canonical representation of an extension A(Y) of a
strongly rich equality algebra A we prove some lemmas which will yield infor-
mation regarding the set of all constants of such an extension.

LeMMA 7.3. If A is a strongly rich algebra, so is every homomorphic
image of A and also every extension by addition of constants.

Proof. First let h: 4 — A4 be an epimorphism. To show that A4 is strongly
rich, let p=hge A where ge 4; and q, and hence also p, has finite support
JU{i}. Let t be a J-term of A inducing a J-term 7 of A and such that
3(i)qg = S(1/i)q. Then, applying h we get 3(i)p = S(i/i)p.

We turn now to the case of an extension by addition of constants 4(Y), Y
being the set of all constants of A(Y). Let g be an element of A(Y) supported
by JU {i} with J = {i;,---,i,}. For some positive integer m, (y,,--,y,)€ Y™
and (m + n + 1)-place predicate P of A we have q = P(i,is, **,ip V1s""» V)
Since A is strongly rich there exists an (m + n)-place operation T of A such that,
for all (j;,,jm)el™,

(3) a(i)P[isily“"imjb"'ajm] = P[T(il’"',imjl,"'>jm)sil,""in’jb""jm]'

Assuming that all variables in (3) are distinct and applying S(y; [j,) > S(Va/in)
we have 3(i)q = S[T(iy, " im Y1, Vm) [i]q- Q.E.D.

LemMMA 7.4. Let A be a rich equality algebra and h:A— A be an epi-
morphism. Then the mapping h of the set of all constants of A into that of A
is surjective.

Proof. Let d be a constant of 4 and let pe 4 be such that hp = E(i,d). Set
q = 3(I — {i})p so that {i} supports q and also hq = E(i,d). Let ¢ be a constant
of A such that S(c/i)g = 3(i)q. Applying h we get E[h(c),d]=1 and hence
h(c) =d. Q.E.D.

It is now possible to give a description of the canonical representation of an
arbitrary extension by addition of constants of a simple strongly rich equality
algebra A. Such extensions are rich by virtue of Lemma 7.3. Let Y be the set
of all constants of such an extension; A(Y) need not be simple. The description
is dependent on some fixed epimorphism A(K)— A(Y), A(K) being a free ex-
tension. We let N be the kernel of this homomorphism restricted to the center
of A(K); if t is a constant of A(K) we denote by t/N the constant that ¢ induces
on A(Y) and we denote by the same letter an operation of 4 and its extensions
to A(K) or to A(Y). With these conventions it follows from (14) in §1 that, if
Q is an n-ary operation of A and 1,,--,t, are constants of A(K),

(4) Q(tl’“"tn)/N = Q(tI/N:""tn/N)'

From Lemmas 7.1, 7.3 and 7.4 it follows immediately that Y = {t/N |t e [(K)}.
We shall denote this set by I'(K)/N. We note that
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(5) tI/N = t2/N iﬁ E(tl,tz)eN'

for all ¢, and ¢, in I'(K), N’ being the filter of A(K) corresponding to N.
For future reference we note the following consequence of the considerations
just made.

LEMMA 7.5. Let A be a strongly rich equality algebra and let A(Y) be
any extension by addition of constants. Then the set of all constants of A(Y)
is the closure of Y under all operations of A.

The center of A(K) is the Boolean algebra II(K) of elements of the form
P(ky,-:-,k,) where P is an n-place predicate of A4 and (k,,---,k,) € K". Hence
the center of A(Y) is isomorphic to II(K)/N. The residue class modulo N of
an element b of TI(K) is denoted by b/N.

The canonical representation of A(Y) is seen to be equivalent to a represen-
tation [ fy,A(Y),I'(K)/N,II(K)/N] defined by the equation

(6) (fNP)*(tl/N""’tn/N) = P(tla"'9tn)/Na

P being an n-place predicate of A and ¢,,---,t, being elements of I'(K). Any
element ¢t of I'(K) has the form T(ky,:--,k,,) for some m-ary operation T of A
and (ky,---,k,) € K™. From (4) and (6) above and (10) in §1, it follows that for
an n-ary operation Q of 4, we have

(7) (fNQ)*(tl/N:""tn/N) = Q(tl""9tn)/N'

Let Z be the set of all constants of A. Any representation such as fy contains
the canonical representation (f, 4,Z,0) of 4 (if we identify z with z/N for all
zeZ). The ideal N of A(K) is said to be flat if for all k € K there is a (necessarily
unique) z € Z such that E(z,k)e N'. It is obvious that fN|A coincides with the
canonical representation f of 4 if N is flat.

Of course any ideal N of any free extension A(K) will yield a representation
[y of A; it suffices to take A(K)/N as A(Y).

8. Generalized reduced powers. In this section we shall derive a description
of all reduced, regular, irredundant representations of Cy from that given in the
preceding section for strongly rich algebras in general. This will be achieved
by means of the concept of generalized reduced power of a set X of which we
immediately give the definition.

Let X, W and K be arbitrary sets. Denote by F(WX X) the set of all
functions u from WX to X with finite support (i.e., such that for some finite
subset L of K, u(w,)=u(w,) for all elements w, and w, of WX for which
wi| L =w,|L). Denote by Z,(W*) the Boolean algebra of all subsets of WX
whose characteristic functions have finite supports. Let D be any filter of
2, (WX). By the generalized reduced power F(WX, X)/D we understand the
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quotient set of F(WX, X) by the equivalence relation *“~*’ defined for elements
u, and u, in F(WX X) by

) uy ~u, if {wlweWK and u;(w)=u,(w)}eD.

That this is an equivalence relation follows easily from the fact that D is a filter.
The equivalence class of an element u of F(W¥, X) modulo this relation is de-
noted by u/D. If Dis an ultrafilter we shall say that F(W¥ X)/D is a generalized
ultrapower of X. When K is a finite set the generalized reduced power F(W¥, X)/D
is just a reduced power X" |D with H = WX, in the sense of [8; 9]; if K is a
singleton {k}, W¥ can be identified with W.

An arbitrary n-ary operation T on X induces on F(WX X) an operation
T” defined by

) [T*(uy, - u)] (W) = TLug(w), -, u(w)]

for all elements u,,---,u, in F(X¥,X) and we WX, In particular, treating an
element x € X as a unary function on X identically equal to x, we let x* be the
function in F(WX, X) identically equal to x.

The main result of this section is the following

THEOREM 8.1. Any reduced, regular, irredundant representation of Cy is
equivalent to a representation [f,,Cy,F(X%,X)/D,?,(X%)|D] defined by

(3)  (foR*wy/D,+,u,[D) = {w|weX"* and R[u;(w),,u,(w)] = 1}/D

where R is an arbitrary n-place relation of X and u,,---,u, are elements of
F(X%,X). If T is an n-ary operation of X then

(4) (fDT)*(uI/Da”'aun/D)=T#(“l""aun)/D'
In particular for any element x of X
(5 (fp®)* = x"ID.

Moreover we may assume that | K| = | F(X*,X)/D|. Conversely any set K and
any filter D of P (X*) yield a representation defined by (3).

Proof. According to the results of §7, any representation of Cy of the kind
mentioned is equivalent to one of the form [ fy,Cyx,I'(K)/N,II(K)/N]. To show
that this representation is equivalent to that defined by (3) we define a bijective
map ¢:T'(K)— F(X¥,X) and an isomorphism y:TI(K) —» 2 ,(X*). The generic
element of I'(K) has the form T(k,,---,k,) where T is an n-ary operation of X
and (ky,--,k,) e K" We set for all xeX*®

(6) ¢[T(k1, akn)](x) = T(xkn'”axk,.)-
Similarly the generic element of II(K) has the form P(k,,---,k,) where P is an
n-ary predicate of X and (k,,---,k,) € K,. We set by definition
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(7) l:Z’[P(kl, ’kn)] = {X I X € XK and P(xkn "'3xk,.) = 1}

We verify that ¢ is bijective and ¥ is an isomorphism. To show that ¢ is sur-
jective we let ue F(XX, X) have support {k,-,k,}; u determines an n-ary
operation T on X characterized by the equation u(x) = T(x,,,---,%;,) for all
x € XX, Then u = ¢[T(k,,--,k,)]. The map ¢ is one-one: for let t = T(k,,---,k,)
and t' = T'(k},--,k.) be two distinct elements of I'(K), then E(t,t')# 1. We
shift the scene of action from the set L= {k,,---,k,, ki,*-,k;-} to a subset of I
by applying to this inequality a substitution S(e¢) of the (I U K)-dilation of Cy,
o being a permutation of I UK such that ¢L< I. We obtain

q= E[T/(Gk,l’ "‘,O'k;:), T(okb '“96kn)] # 19

with q in Cy. Hence for some y e X', g(y) = 0. Now choosing x € X¥ such that
X, =yu for all keL, we have that (¢r)(x)# (¢t’)(x), which means that
¢(t) # ¢(1'). That Y is an homomorphism is obvious; that its kernel is 0 can be
shown again by shifting the scene of action from a finite subset of K to one of I.
To show that V is surjective, we let s be a function from X* to 0 with a finite
support {ki,---,k,}. This function s determines an n-place predicate P of X
characterized by the equation s(x) = P(x,,,*:-,x;, ). Then we have indeed that
Y[P(k,,--,k,)] is the set of which s is the characteristic function.

Next we let D = y/(N’). Of course, the isomorphism  induces an isomorphism
¥:TI(K)/N - 2 ,(X¥)/D. The mapping ¢ also induces a bijective mapping
$:T(K)/N - F(X¥ X)/D; this is seen from (5) in §7 together with (1) and (7)
above. Now we see from (6) of §7, that ¢ and ¥ carry fy into a representation
fp defined by (3). (See the remarks following (1), §7.) Since K and N can be chosen
arbitrarily, so can D.

To prove (4) we let P be the (n + 1)-place predicate of Cy corresponding to 7.
By definition

(8) (f PY*(u/D,u,/D, - ,u,/D)=1iff {w |we X*and u(w)=T[us(w),--,u,(w)]} € D.

If we let u = T”(uy,--,u,), then the set in (8) is X* € D. Therefore by (10) in
§1 we have (4). Q.E.D.

Every representation f;, contains a subrepresentation equivalent to the identity
representation of Cy. For if for x € X, we let x+ = x”/D we have from (1) that
x] # x3 whenever x, and x, are distinct elements of X. From (3) it follows
that

(9) (fDR)*(xiF""’x:)-:R(xls"'axn)

for all n-place predicates R of X and all (x,--,x,)eX". If we let

X*={x*|xeX} we see that the bijective map x—»x* carries the identity

representation of Cy onto a subrepresentation of f, with domain X+.
Next we characterize the ultrafilters D of Z,(X*) such that f; is equivalent
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to the identity representation of Cy. For each w e XX, we let D,, be the ultrafilter
of all sets in Z,(X*) containing w.

THEOREM 8.2. If D is an ultrafilter of ?,(X%), the representation fo of
Theorem 8.1 is equivalent to the identity representation of Cx iff D is of the
form D,, for some we XX,

Proof. Let the notation be as in the proof of Theorem 8.1. According to
the results of the end of §7, fy is equivalent to the identity representation of Cy
iff N is a flat ideal. So all we need to show is that N is flat iff Yy(N')= D, for
some we XX,

Assume that N is flat. Then for each ke K there is a unique x* € X such
that y[E(£™, k)] = {v|ve X*and x® = v,} € D. Let w € X* be defined by w, =x®.
We claim that D = D,,. It suffices to show that D, > D. Let P(k,,---,k,)eN’;
we have to show that P(w,,,---,w, ) =1 which means that P(x*", ... x®*») =1,
Since E (*9,k;)e N’ for i=1,---,n we have P(#*V,..., ) e N’, but this ele-
ment of N” can only be 0 or 1 since itisin Cy. Since 0¢ N’ the element in question
is 1 and this gives the desired conclusion.

Conversely we show that for any we X, the filter N’ =y~ }(D,) is flat. In-
deed N’ contains E(%,k) for all xe X and k € K such that w, = x. Q.E.D.

So far we have been dealing only with generalized reduced powers
F(WX,X)/D in which W= X. Of course in the representations in which such
powers occur, the sets Wand K can be replaced by any sets W, and K, having
the same cardinality as W and K respectively. Our next theorem shows how
the case where | W| # | X| comes into the picture. For the sake of convenience
we deal only with the case of generalized ultrapowers. This result will be needed
for an application in §12. We first state a lemma of which we omit the proof
which is an easy exercise.

LeMMA 8.3. Let B be a simple rich algebra and A be a subalgebra with
equality and closed under all constants of B; then the canonical representation
of A is obtained (up to equivalence) by reducing the restriction to A of the
canonical representation of B.

THEOREM 8.4. Let W be any set and Y be the set of all constants of a simple
extension Cy(Y). Let [hy,C,,, (WX, W)|D,0] be equivalent to the restriction
to Cy, of the canonical representation of Cy(Y). Then for any set X such that
|X| < | WI and any stretch imbedding s: Cx - Cy,, if g is the canonical rep-
resentation of (sCx)(Y), then the representation gs of Cy is equivalent to a
representation [ fy,Cyx, F(WX,X)|D,0] defined by (3) with WX instead of X*.
Moreover we may assume that |K|=]|Y]|.

Proof. That we may assume that |K| = I Y] follows from Theorem 8.1. For

the definition of ‘‘stretch imbedding’’ the reader is referred to the discussion
following Corollary 2.5.
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Let n: W— X be the surjective mapping inducing s. For all n-place predicates
R of X, (sR)* is an n-place predicate on W defined by the equation

(10) (SR)*(WI’ "'9wn) = R(nwl, ---,nw,,)

for all (wy,---,w,) e W".

By Lemma 8.3, the representation g is equivalent to a representation having
for domain the quotient of the set F(WX W)/D by the equivalence relation
““~?’ defined by

(11) uy[D ~uy /D if [hp(sE)]*(uy/D,u,[D)=1,

where E is the equality of Cy and u, and u, are elements of F(WX, W). From (3)
with f, = hp, X = Wand R = sE we have

(12) uy [D ~u, /D iff {w|we WX and (sE)*(u,w,u,w)=1}€eD.
From this and (10) with R = E we get
(13) uy [D ~uy /D iff {w|weWXand n(u,w) = n(u,w)} € D.

Now = induces surjective maps #: F(WX W) - F(WX, X) and
. FOWX, W)|D - F(W¥,X)/D. These are defined as follows: first for all
ue F(WX, W) and we WX we set (fu)(w) = n(uw). That # is surjective follows
from the fact that = is. Next we set for the same u, 7, (u /D) = (fu)/D. The veri-
fication that =, is well defined is straightforward and so is, from (13), the veri-
fication that

(14) my(uy [D) = ny(u, D) iff u; /D ~uy[D

for all u, and u, in F(WX,W).

From (14) it follows that glsCx is equivalent to a representation
[£p,sCx, F(WX X)|D,0] if we set for all n-place predicates R of X and elements
vy,+++,0, of F(WX X)

(15) [gl)(SR)]*(vl /D, "',D,,/D) = [hD(SR)]*(ul /Da '"’un/D)’

where u; is such that v; = #u; for all i =1,---,n. If finally, we set f, = gps we
obtain a representation [ fp,Cyx, F(WX, X)/D,0] equivalent to gs and such that,
for R and vy, ---,v,,u,,-,u, as before

(foR)*(vy[D,+,0,/D) = L iff [hp(sR)]*(uy/D,-+,u,/D) =1
iff {w|weW" and (sR)*[u,(w),+,u,(w)]=1}€D
iff {w|we w¥ and R[n(u,w), -, n(u,w)]=1}eD

iff {w|weW* and R[v,(w),"-,v,(w)]=1}€D.
Q.E.D
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9. A different approach. A natural question to ask is whether any generalized
reduced power F(WX,X)/D yields a representation f;, of Cy if we define f,, by
(3) of §8 with WX instead of X¥. If W= X, Theorem 8.1 furnishes a positive
answer to this question. If |W| 2 |X| a positive answer is obtained from
Theorem 8.4 by using the stretch imbedding s defined by any surjective map
n:W- X. Butif |W| <|X|,even ifKis a singleton {k} and we are dealing with
a reduced power X" /D, we do not seem to be able to answer the question with
the techniques now at our disposal otherwise than by a direct check. To make
the positive answer to the question follow from general principles, and to point
the way to other possible generalizations of reduced powers, we now sketch
an entirely different development which is somewhatcloserto the model-theoretic
treatment initiated by Los [37] and later pursued by various authors in [9; 29;
32], for instance. Thus we show that reduced powers make their appearance
in at least two essentially different ways in the theory of polyadic algebras.

First some notations. The direct product of a family of sets {Y,,,ImeM} is
denoted by HYm. If Y=]]Y,, and yeY, the mth component of y is denoted
by y™ If ye Y', then y™is defined by the equation y™; = y™; either of these
elements is also denoted by y!". An element y € Y will sometimes be denoted by
a symbol like {y™}.

Let {[ f,., 4, Yy, B,n] | me M} be a family of representations of a single algebra
A. Setting Y =]]Y,, and B = [[B,,, we define the direct product representation
[f,A,Y,B] by the equation

(D (/D) = {(fup)(y")} for all pe A and ye Y".

That f is indeed a representation is easily verified. If 4 has an equality and all
[ are reduced, f is also reduced. A direct product of regular representations is

also regular.
A regular representation [ f, 4, Y, B] can be divided, by any filter D of B to yield

a quotient representation [ f5,4,Y,B/D] defined by (fyp)(y) = (fp)(»)/D for all
peAand ye Y. For a proof of this, simply read ‘‘regular functional algebra”’
for ““functionally rich functional algebra’’ in 17.2 of [13]. If A has an equality E
and f is reduced, f, is not reduced in general. In this case we define anew the
quotient of f by D to be the reduction [ f,,,4,Y/D,B/D] of f;. The domain Y/D
of this representation is the set of all equivalence classes Y/D of elements of Y
under the equivalence relation ‘‘ ~’’ defined by

(2 y1~ Y2 if (fE)*(yy, y,) = 1forall y, and y, in Y.
If P is any n-place predicate of A and (y,, -,y € Y",
3) (foP)*(y1/D, -+, yuD) = (fP)*(y1, -+, ¥u)[D.

Thus reduced regular representations of an equality algebra 4 can be multiplied
and divided to yield new reduced regular representations. Let, for instance,
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{[fms45 Ym,0] | me M} be a family of reduced 0-valued representations of A.
Identifying 0™ with 2(M), the Boolean algebra of all subsets of M, and dividing
the direct product representation by an arbitrary filter D of (M) we obtain the
representation [fp, A, [ [X,/D,2(M)/D] where for x and y in [[X,,,

(4) x/D = y/Diff {m|x" = y"} €D,
and for any n-place predicate P of 4 and (xy,--,x,) € (J[X,)",
(5) (foP)*(x1/D, -+, %,/D) = {m |(f,P)*(xT’ -, x") = 1}/D.

The set [[X,,/D is known as a reduced product of the sets X,,. If D is an ultra-
filter, the same set is known as a prime reduced product or an ultraproduct(®).

As in the proof of Theorem 8.1 it can be shown that for an n-place operation
Q of A and elements x,---,x, of [[X,,

(6) (fDQ)*(xl/D""5xn/D)=Q#(xla""xn)/Da

where Q* is the direct product of the operations (f,,0)* on the X,,.

In particular, if [ f,Cy, X, 0] is the identity representation, M is any set and D,
is any filter in (M), the quotient by D, of the Mth power of fis a representation
[fDnCX’XM/Db‘@(M)/Dl]'

If [fp,Cx, F(WX, X)/D, 2, (W¥)/D] is a representation as in Theorem 8.1, we
see, by setting M = W¥ and by choosing for D, the filter generated in (M) by D,
that f}, is a subrepresentation of f,,.

Let [f,A,Y,B] be any (regular) representaticn and Z an arbitrary subset of Y.

e say that Z yields a (regular) subrepresentation of Y if we obtain a (regular)
representation [g,A4,Z,B] by setting for pe A and zeZI, (gp)(z) =(fp)(2).
Suppose A has an equality and fis reduced and regular. Then Z yields a regular
subrepresentation iff (f4)(Z) is rich and Z is the set of all constants of (fA)(2).
If, furthermore, A is strongly rich, this is equivalent to saying that Z is closed
under all operations (fQ)* of Y, Q being an arbitrary operation of A (Lemma 7.5).

This result enables us to answer affirmatively the question raised at the be-
ginning of this section. It suffices to verify that for any operation T on X,
F(W¥X, X)is closed under the direct power operation T” on X™ withM=Ww¥k,

Any kind of subsets of X™/D of the form U/D where U is a subset of X™ closed
under all T and U/D = {u/D | ueU} yields a subrepresentation of
[f0,Cx, X™/D,2(M)/D] and a generalization of the concept of reduced power.
For instance, Keisler’s limit ultrapowers [23] are easily seen to be of this form.
Many variations on this theme become possible : assuming again M= W* we may
take for U the set F, (WX, X) of all functions from WX to X with a support of

(8) Note however that, unless D is an ultrafilter, (fpP)* is not a 0-valued predicate of
I1X./D. This is not in accord with the definition of reduced products of relational systems given
in {8; 9].
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cardinality less than a, a being an arbitrary cardinal. If « = w, this is F(WX, X),
whereasif « > | K|, thisis X* Or we may take for U the set of all elements of X™
with a finite range. And so on.

CHAPTER III. MODEL-THEORETIC INTERPRETATION

10. Basic concepts. In this chapter we shall derive some model-theoretic
results from the polyadic results obtained in the first two chapters. This section
is devoted to defining the concepts from Model theory which we shall need and
to describing the fundamental relationships between these and the theory of
polyadic algebras.

The concepts of a type u and of relational system of type u have been defined
in Chapter 0. Let : A - be a type and {P;|Ae A} be a family of predicates
of a polyadic algebra; the family is said to be of type p if for all 4, P, is a u(4)-
place predicate. By the polyadic algebra of a system (X, R, > we mean the polyadic
algebra generated in Cy by the predicates R; and the functional equality.

Two similar systems (X, R, > and (Y, S, ) are said to be elementarily equivalent
if there is a (necessarily unique) isomorphism ¢ of the polyadic algebra of the

rst system onto that of the second system such that, for all 4, ¢ R, = S,(9).

To every type p is associated a first order predicate language L(u) with iden-
tity =, and a u(A)-place predicate symbol F, for each 1 € A. The set of individual
variables of L(p) is taken to be I. The symbols V, A,=,’, 3, V are used in the
customary way as propositional connectives and quantifiers; it will be seen that
this use of these symbols is compatible with their use in the theory of Boolean
and polyadic algebras. We assume that the reader knows the meaning cf such
words as formula, free and bound variables, and statement or closed formula.
We also assume that the reader knows what it means for a formula of L(u) to be
satisfied in a system { X, R, of type u for a particular assignment of values in
X to the variables, i.e., for a particular element x of X’( ). A formula is said
to be valid in { X, R ;) if it is satisfied in ¢ X, R, for all elements x e X .

Added in proof. A model of a set of formulas X is a system in which all members
of X are valid. A formula A is a consequence of T if A is valid in all medels of X.
A theory is a set of formulas containing all its ccnsequences. The set T of all
consequences of X is a theory. A set X is consistent if it has a model. A theory
is complete if it is consistent and if, for every statement H, it contains either H
or H'. The set of all formulas valid in a given system is a complete thecry called

the complete theory of that system.

It is known that the concept of consequence can also be defined by means of a
finitary concept of deduction but this will not be needed here.

(9) This concept is independent of I (as long as I is infinite). Indeed it is easily shown that,
if Arand Ay + are the polyadic algebras of a relational system with respect to two sets of variables
ITand I+ suchthat I <= I+,then Ay + is the I +-dilation of 4j. For a clue to the proof of this, see

Theorem 4.4 in [7]. Then the assertion follows from remarks in §5.
(10) For more details on this, see for instance [44].
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We denote by F(u) the set of all formulae of L(u). Propositional connectives
such as \/, A and = act as binary operations on F(u), and for each i € I, 3(i) and
V(i) act as unary operations on the same set. By the polyadic algebra of a (con-
sistent) theory T we mean an algebra to be denoted by F(u)/T and whose elements
are the equivalence classes of F(u) under an equivalence relation defined by:
H,~H,iff H, =H, e Tforall H; and H, in F(p). For any formula H we denote
by H/T the equivalence class of H. For any A, there is a p(4)-place predicate
F,|T of F(p)|T defined by

(1) (F}./T)(ils "'9iu().)) = Fl(il’ “',i,,(z))/T-

This set of equivalence classes becomes an equality polyadic algebra under Boolean
operations and quantifiers which are induced by the corresponding propositional
connectives and quantifiers as operations in F(u). The substitution operator
S(«) for a e I" is induced by the unary operation on F(y) that consists in actually
performing the transformation « on the free variables of formulae. The unit
element of that algebra is the equivalence class T. The verificaticn of these facts
is a straightforward exercise based on the definiticn of the notion of consequence
that we have given above. For further reading on the subject of the correspondence
between first-order theories and polyadic algebras the reader is referred to the
articles [11; 19; 20; 36; 41; 43](*!). As a Boolean algebra, the algebra F(u)/T
is known as the Tarski-Lindenbaum algebra of the theory T.

e next state a theorem that shows the simple connection between models
of a theory T and 0-valued representations of the algebra F(u)/T.

THEOREM 10.1. Let T be any theory. If (X,R,) is a model of T, then there
exists a reduced representation [f,F(u)/T,X,0] such that (fF,/T)*= R, for
all A. Conversely if f is any reduced 0-valued representation then {(X,(fF,/T)*)
is a model of T.

Proof. Given the model (X, R, of T, the representation f is defined as follows.

or H/T e F(u)/T and x € X', (fH/T)(x) =1 iff H is satisfied if we assign the
value x, to the variable i and R; to F, for all A and i. We omit the verifications.
The converse part follows from the fact that for He T, H/T = 1 and hence for
any representation f, H is valid in <{X,(fF,/T)*>. Q.E.D.

In particular, if T is the complete theory of a system <X, R;> we obtain as a
corollary the relationship between the polyadic algebra of the system and that of
the theory.

COROLLARY 10.2. Let T be the complete theory of a system {(X,R;> and A
be the polyadic algebra of this system. Then there exists an isomorphism
f:F(w)|T — A such that for all 1, fF,/T= R,.

(11) Although some of these references deal mostly with cylindrical algebras, the reader
will have no difficulty in adapting their contents to polyadic algebras using the results of [10].
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A consequence of this is the connection between the concept of elementary
equivalence as we have defined it and its more customary definition.

CoOROLLARY 10.3. Let A, and A, be the polyadic algebras of similar systems
(X, R;) and {X,,S;) respectively. Then the systems X, and X, have the
same complete theory iff there is an isomorphism ¢ :A; - A, such that

&(R) = S, for all 2.

Let <X, R;) and (Y,S;) be relational systems of type g and ¢:X > Y be a
monomorphism. Assume, for convenience, that A N X = (. The imbedding ¢ is
said to be elementary if the systems (X,{R,| A€ AUX}) and (Y,{R,| 1 AUX}>
defined as follows are elementarily equivalent. The type v of these systems is
defined by v| A=y and v(1) =1 for all Ae X. Also for 4 and x € X we have by
definition R,(x)=1 iff x =1 and for ye Y, S,(y) =1 iff y = ¢(1). We see that
type v is obtained from type p by adding one distinguished element for every
element of X. If (X, R, is a subsystem of (Y, S, ) and the identity map X — Y is
elementary then Y is said to be an elementary extension of X, and X an elemen-
tary subsystem of Y.

To see what this means in terms of polyadic algebras we first note that for
xeX andiel, R (i) = E,(i,%), E, being the equality of Cy. Similarly, if E, is the
equality of Cy and y = ¢x, then S,(i) = E,(i, §). It follows that, if A, and 4, are
the polyadic algebras of the systems (X, R;) and <Y,S;) of type u; then the
polyadic algebras of the corresponding systems of type v are 4,(X)and A,(¢X ")
respectively. From these remarks, the following theorem is obvious.

THEOREM 10.4. Let (X, R,) and (Y,S,;) be systems of type u with polyadic
algebras A, and A, respectively. Then a monomorphism ¢ : X - Y is elementary
iff there exists a monomorphism ¢, : A;(X)— A,(¥) such that

(i) @R, =S, for all ; and

() p=¢Kiff y=¢xforallxeX and yeY.

Therefore if ¢, :A4,(X)— A,(¥) is any monomorphism satisfying (i), then an
elementary imbedding ¢ : X — Y can be defined by (ii). Thus the concept of the
polyadic algebra of a relational system enables us to reduce the concept of
elementary monomorphism to that of monomorphism.

Let (X, R,) be a system with algebra 4 and let [f,4(X),Y,0] be a reduced
representation. Then, if we set by definition, R} = (fR))* and x+ = (f%)*, we
obtain an elementary imbedding ¢ from <(X,R,) into <Y,R; ) defined by
¢(x) = x* for all xe X. In particular, if f is the restriction to A(X) of a repre-
sentation fj, of Cy with a generalized ultrapower F(WX, X)/D as domain, we have
an elementary imbedding of (X, R, into a system (F(WX X)/D,R; ) called a
generalized ultrapower of the system <X, R, ). If Ris any of the R, with u(1) = n
and if uy, ---,u, are elements of F(W*, X), then



1964] ON AUTOMORPHISMS OF POLYADIC ALGEBRAS 125
()  RY¥(uy/D,+u,/D)=1 iff {w|weW* and R(u,,--,u,)=1}€eD.

11. Theorems of Beth and Svenonius. In this section we shall use results of
§4 to obtain new proofs of two known results in the theory of definition. The first
of these results is due to Beth and has already been given several proofs by different
authors (see [1; 38; 3; 32]). The second result is due to Svenonius [42] and is a
generalization of the first. We state these results for the first order predicate
language with identity L(u) but trivial modifications yield similar results for
first order predicate languages without identity.

If Qs a set of formulae (of L(u)), we denote by Q the smallest set of formulae
containing Q together with all formulae ‘i = j°’ for i and j € I and closed under all
propositional connectives and quantifiers.

For any formula H with free variables {i,---,i,}, and system <X, R, ) we call
the interpretation (or abstract) of H in the system X, the set of all (x,,---,x,) eX"
such that for some (and hence all) x € X’ such that x;, = Xy, X =X, His
satisfied for the assignment x.

The statement of Beth’s theorem which follows is adapted from Theorem 2

in [3].

THEOREM 11.1. Let T be a consistent set of formulae (of the language L(p)) and
let Q be a set of formulae and G, a formula with free variables {i,---,i,}.
Suppose that for any two models {X,R;) and {X,S;) of T in which the inter-
pretations of any formula in Q coincide, the interpretations of G, also coincide.
Then there exists a formula He Q (containing free at most the variables
{iy,-+,in}) and such that (V;))---(V; )(G, = H) is a consequence of X.

Proof. Let A, = F,‘/i and A be the equality subalgebra generated by
{G/i|GeQ}. If we let p = Go/%, the desired conclusion is that pe A. Assume
p ¢ A. Then by the equality version of Theorem 4.2 and the representation theorem
for equality algebras, there exist two reduced representations [f;,4,X,0],i=1,2
such thatf1|A=f2| Aandf,(p) # f,(p). By Theorem 10.1these yield two models
with the same domain in which the abstracts of all G € Q agree but those of G,

do not. Q.E.D.
Svenonius’ theorem reads as follows.

THEOREM 11.2. Let X, Q and G, be as in the preceding theorem. Then the
following are equivalent:

(i) There does not exist finitely many formulae G,,---,G, ofS—) such that
_f/l (Vi) (V,)(Go=G)eX.
(ii) For some model {X,R;) of X and some permutation ¢ of X, the inter-

pretations of all GeQ in <X, R;) and in the isomorphic model (X,$R,>
coincide while those of G, differ.
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Proof. That (ii) implies (i) is obvious. We prove that (i) implies (ii). Let 4,,4
and p be as in the proof of Beth’s theorem. It is a simple consequence of the
semisimplicity of polyadic algebras that, if A, is an extension of an algebra A
and p € A, then no relation of the form

V(YD =p)=1

for some p,,--,p, in 4 holds iff for some surjective homomorphism h:4, — 4,
with A, simple, we have p = h(p)¢h(A). Set A = h(A4) and let, by the equality
version of 4.3 (and 2.3) D be a rich simple equality extension of 4, and p be an
A-automorphism of D such that p(p) # p. Let [f,D, X, 0] be the canonical rep-
resentation and let [f;,4,,X,0],i=1,2, be defined by f; =fh and f, =fph.
Denoting by ¢ the permutation of X induced by p, we have that ¢ is an iso-
morphism of the model {(X,(f,F,;/T)*) onto the model (X,(f,F,/T)*)> and the
nterpretations of all formulae in Q coincide in these two models of £ whereas
those of G, differ. Q.E.D.
. We see that Theorem 4.2 and Proposition 4.3 are algebraic counterparts of
Beth’s theorem and of Svenonius’ theorem respectively.

12. Elementary equivalence. We shall next combine the results of Chapter I
on homogeneous extensions of polyadic algebras with those of Chapter II on
generalized ultrapowers to obtain a characterization of the concept of elementary
equivalence closely related to results of S.B. Kochen and H. J. Keisler.

THEOREM 12.1. For any set H of (not necessarily similar) relational systems
such that ]H| <7 and |X| <« for all systems X € H (y,a infinite cardinals)
there exists a cardinal B such that « < B < y2*and an ultrafilter D of 2 ,(«*)(12)
such that:

(i) Forany system with domain X in H the generalized ultrapower F(a*, X)/D
has cardinality at most B and exactly B if | X | = a;

(ii) Any two similar systems {(X,R;) and {X,,S,) in H are elementarily
equivalent iff the generalized ultrapower systems {(F(«*,X,)/D, R*1> and
(F(#,X,)/D,S; ) are isomorphic.

Proof. e immediately note that the ‘‘if’> part of (ii) is obvious since the
systems X; and X, can be elementarily imbedded into the generalized ultra-
power systems.

Let M be a rich simple homogeneous extension of the full algebra C, (Theorem
2.11). For each system X € H choose a stretch imbedding s: Cy — C, such that
if | X | = a, 5 is an epimorphism and hence is equality preserving. Let 4, and 4,

(12) Here “a”’ does not stand for an ordinal but for the set of all functions from the set g
into the set a.
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be the algebras of two elementarily equivalent systems { X,, R, ) and (X,,S; ) in
H respectively, and let o: A; > 4, be the isomorphism that implements that
equivalence. For each such pair of systems choose an automorphism p of M
extending the monomorphism s,as7' of 5,4, onto s,4,, s; and s, being the
stretch imbeddings belonging to X; and X, respectively. Let G be the group of
automorphisms of M generated by these chosen automorphisms. Of course
| G| <v; and, by Lemma 5.1, we have | C,| = 2" assuming, as we may, that
| I| = . By Theorem 5.4, let M be a rich extension of C, contained in M, invariant
under G, and such that | M ] < 2% Denote by Z the set of all constants of M and
by Y the set of all constants of C,(Z). As C,(Z) has an equality we have that
a<|Y[£92% Set f=]7Y]|.

By Theorem 8.4, if for X € H, g is the canonical representation of (sCy)(Y),
the representation gs is equivalent to a representation [fp, Cy, F(a® X)/D,0]
in which D is determined only by C,(Y). As the constants of (sCx)(Y) correspond
to equivalence classes of elements of Y we have that | F(, X)/D|<| Y| If
| X | = a, these classes are precisely the singletons {y} for y € Y by virtue of the
choice of s, so that, in this case, the equality holds. This completes the proof of (i).

As to (ii), since p maps (s;4;)(Y) onto (s,4,)(Y) in such a way that
p(s;R;) = 5,8, (for all 1),p induces a biunique map p from F(o®, X,)/D onto
F(o® X,)/D such that pR; = S;". This means that p is an isomorphism between
the generalized ultrapower structures mentioned in (ii). Q.E.D.

In this proof, essential use is made of the concept of polyadic algebra without
equality; if for all X € H,| X | =« then instead of invoking Theorem 2.11 we
may invoke the equality version of this theorem so that M is an equality extension
of C,.

For the H of Theorem 12.1 one can take, for instance, a set of representatives
from all isomorphism classes of relational systems of cardinality £ some infinite
cardinal « and of types involving at most a relations. Then according to Lemma 5.2
we can set y = 2% and the generalized ultrapowers of the theorem are of cardi-
nality at most 2%

By letting H in Theorem 12.1 consist of two similar relational systems with an
arbitrary number of relations, we obtain

COROLLARY 12.2. Let{X,R;> and {X,,S,) be two similar infinite relational
systems and let « be the larger of | X, | and | X, |. Then the two systems are
elementarily equivalent iff for some cardinal B such that a<p<2%
and some ultrafilter D in 2,(o") the generalized ultrapower systems
(F(@’, X,)|D,R} > and {F(«% X,)|D,S; » are isomorphic and of cardinality .

A comparison between the above results and similar ones of S. B. Kochen and
of H. J. Keisler is in order. These authors have both defined concepts of limit
ultrapowers which are known to be equivalent (see Kochen [30; 32] and Keisler



128 AUBERT DAIGNEAULT [uly

[23; 24; 26; 27])(*3). Our Theorem 12.1 should be compared with Theorem 9.6
of [32]; it will be seen that the cardinality conditions of our result presents an
advantage over those stated on p. 243 of [32](14). The above Corollary 12.2
must be compared with the first theorem of [24] supplemented by Theorem 4
of [27].

Both Kochen (see Theorem 1 in [31])(15) and Keisler (see [25], Theorem 5
in [28], and Corollary A.8 in [29]) have announced the possibility of charac-
terizing the concept of elementary equivalence by means of ultrapowers only.
Despite its obvious merits, this result, aside from requiring the use of the con-
tinuum hypothesis, has the further slight disadvantage that the isomorphic
ultrapowers of two given elementarily equivalent systems have a cardinality which
depends on the number of relations of their type in addition to the cardinality
of the given systems.

13. Elementary homogeneity. We conclude this paper by proving a result
of R. L. Vaught (see Theorem 2 in [45] and Theorem A.1 in [29]). The proof
uses the continuum hypothesis as it is based on a result of §6. To state Vaught’s
theorem we introduce some definitions.

For any cardinal number f, a relational system X is said to be f-elementarily
universal if any elementarily equivalent system Y such that | Y | < B, is isomorphic
to an elementary subsystem of X. The system X is said to be pB-elementarily
homogeneous if any isomorphism ¢ : X, — X, between two elementary subsystems
of X of cardinality less than f can be extended to an automorphism of X. Vaught’s
theorem can be stated as follows.

THEOREM 13.1. For any complete theory T in L(y) and infinite cardinal
a such that a 2 |A| where A is the domain of the type p, there exists, up to
isomorphism, exactly one a*-elementarily universal and homogeneous model X
of T of cardinality a+.

Proof. Let A be the simple algebra F(u)/T and assume that |I I = . Then
«=|A| and the theorem follows directly from Theorem 10.1, Corollary 10.2,
Theorem 10.4 and Theorem 6.6. Q.E.D.

(13) The equivalence of our generalized ultrapowers with Keisler’s limit ultrapowers can be
obtained by comparing our Theorem 8.1 with Theorem 2 of [26]. Also a generalized ultrapower
F(WX, Y)/D can be shown to be isomorphic with the direct limit of a canonical direct system
of ultrapowers as defined in [26] by letting the directed set X there be the set of all finite subsets
of K ordered by inclusion.

(14) The class K mentioned in the upper part of p. 247 of [32] must be further restricted by
putting a bound on the number of relations involved in the types of systems in K, in order to
make it a set. This assumption was probably made tacitly there.

(15) As to this reference, see also footnotes 5 and 8 in [29] and footnote 15 in [32]).
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